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1. Introduction and Summary 

Despite much recent progress, classifying the unitary representations of a real reductive 
group G remains a challenging task, which has only been addressed in a few, typically 
low-rank cases, including for example SL{2,R) |, i, SL{3,R) [|, i, SU{2, 1) H, 
SU{2,2) and 6*2(2) Hi- Even in well-charted cases, the available mathematical de- 
scription is often not directly useful to physicists, who are in general more interested in 
explicit differential operator realizations than abstract classifications. The goal of this 
paper is to give an explicit description of aspects of principal and discrete series repre- 
sentations (and continuations of the discrete series) which arise when G is a quaternionic 
real form of a semi-simple group. For the sake of explicitness, we restrict to the rank 
2 case - so G = SU{2, 1) or G = ^2(2)- Quaternionic real forms arise as symmetries 



of supergravity theories with 8 supercharges in three dimensions [^, |T0], [11], |T2|, |T3 
and therefore as spectrum-generating symmetries for black holes in four dimensional 
supergravity; a detailed discussion of this relation, which indeed motivated our interest 
in the first place, can be found in |]14|, |15|, |l^ and references therein. 



The simplest discrete series representations^ arise when K = U{1) x M, so that 
G/K is a Hermitian symmetric domain. The simplest example is G/K = SL{2, M.)/U{1): 
G acts holomorphically on the upper half-plane by fractional linear transformations 
T {ar + b)/{cr + d), which preserve the Kahler potential K = — log[(r — f)] up 



^Discrete series representations arise as discrete summands in the spectral decomposition of L^{G) 
under the left action of G. A basic result of Harish-Chandra |l^ states that G admits discrete 
series representations if and only if its maximal compact subgroup K has the same rank as G itself. 
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to Kahler transformations. This construction can be extended to all Hermitian sym- 
metric tube domains using the language of Jordan algebras. Indeed, consider the 
"upper half plane" r G J + iJ^ , where J is a Euclidean Jordan algebra J of de- 
gree n and J"*" is the domain of positivity of J, equipped with the Kahler potential 
K = — log A/'(r — f), where M is the norm form of J ^. The corresponding metric is in- 
variant under a non-compact group G = Conf(J), the "conformal group" associated to 
J, acting holomorphically by generalized fractional linear transformations on r |^4|, 
The resulting space is the Hermitian symmetric tube domain G/K = Conf (J)/Str(J), 
where Str(J) = f/(l) x Stro(J) is the compact real form of the structure group^ of J, 
which coincides with the maximal compact subgroup of G. The action of G on sec- 
tions of holomorphic vector bundles over G/K leads to the holomorphic discrete series 
representations. 

The next simplest case, of interest in this paper, arises when G is in its quaternionic 
real form, such that K = SU (2) x M, and its Lie algebra decomposes as g = su(2) 
(2,1^), where is a pseudo-real representation of M. The symmetric space G/K, of 
real dimension Ad, is now a quaternionic-Kahler space, and does not generally admit a 
G-invariant complex structure. The twistor space Z = G/U{1) x M, a bundle over G/K 
with fiber CP^ = SU{2)/U{1), does however carry a G-invariant complex structure. In 



26| this complex structure was exploited to construct a family of representations vr^ of 
G, labeled by A; G Z: namely, Hk is the sheaf cohomology H^{Z, 0{—k)) of a certain line 
bundle 0{—k) over Z.'^ Tr^ is a representation of G, with Gelfand-Kirillov (functional) 
dimension 2d+l, equal to the complex dimension of Z. For k > 2d+l, tt^ are discrete 
series unitary representations of G, called "quaternionic discrete series." 

The TTfc for k < 2d + 1 are also of interest. In p6[ special attention was paid 



to quaternionic groups of type G2, -D4, F4, Eq, E-j, Eg, such that d = 3f + A with / = 
— 1,0, 1,2,4,8. For these groups, it was shown that 7ik is irreducible and unitarizable 
even for k > d+1 (although it no longer belongs to the quaternionic discrete series for 
k < {2d + l)). Moreover, for selected smaller values of k, namely k = 3f + 2, k = 2f + 2 



^The generalized upper half planes associated to Jordan algebras are sometimes called Kocher 
half-spaces since Kocher pioneered their study jl^. In particular, he introduced the linear fractional 
groups of Jordan algebras pO[ | , which were interpreted as conformal groups of generalized spacetimes 
defined by Jordan algebras and extended to Jordan superalgebras in the physics literature |2^, ^ . 
The terminology stems from the well-known action of the conformal group 5*0(4, 2) on Minkowski 
spacetime, which arises when J is the Jordan algebra of 2 x 2 Hermitian matrices ||2l|. Choosing 
J — M. leads instead to our original example G/K — SL{2,R) /U{1). 

■^The structure group Str( J) leaves the norm form J\f of the Jordan algebra J invariant up to an 
overall scaling. It decomposes as an Abelian factor M times the reduced structure group Stro( J) which 
leaves the norm invariant. 

''For a definition of sheaf cohomology see e.g. [p7[. 
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and k = f + 2, TTk was shown to be reducible but to admit a unitarizable submodule vr^, 
of smaller Gelfand-Kirillov dimension, 2d = 6f + 8, 5/ + 6, 3f + 5 = d + 1, respectively. 
The smallest of these representations is the "minimal" or "ladder" representation of 
G] the latter name refers to the structure of its K-tjpe decomposition^; a review of 
minimal representations can be found in 



Independently of these mathematical developments, it was shown in that the 
conformal realization of the group Conf(J) attached to a Jordan algebra J of degree 
3, preserving a generalized light-cone A/3(r — f ) = 0, could be extended to an action of 
a larger non-compact group, preserving a "quartic light-cone" 

iV4 = J4(S-H) + (a-a+(H,H))2 = , (1.1) 

where H = (^^,0) = (^°) ^a? ^o) is an element of the Freudenthal triple system 
JF = C©Jc©Jc©C associated to J, (S, S) a symplectic pairing invariant under 
the linear action of Conf(J) on S, /4 a quartic polynomial invariant under this same 
action^ and a an additional complex variable of homogeneity degree two. This larger 
group was called the "quasi-conformal group" QConf (J) attached to the Jordan algebra 
J, or more appropriately to the Freudenthal triple system J-"; its geometric action on 
(S, a) was called the "quasi-conformal realization". When J is Euclidean, QConf (J) 
is a non-compact group in its quaternionic real form; other real forms can be similarly 
obtained from Jordan algebras of indefinite signature [^. Moreover, it was observed 
in 



|29| for G = -£^8(8); and generalized to other simple groups in [^, ^ that this 
quasi-conformal action on 2(i + 1 variables could be reduced to a representation on 
functions oi d+1 variables, obtained by first adding one more variable (symplectizing) 
and then quantizing the resulting 2d + 2-dimensional symplectic space. This smaller 
representation was identified as the minimal representation of G = QConf (J). 



^We remind the reader of a few definitions. Suppose p is a representation of a real Lie group G 
on a vector space V. Let Vk denote the space of i^T-finite vectors in V (i.e. those which generate a 
finite-dimensional subspace of V under the action of the maximal compact subgroup K d G). Then 
any representation of K which occurs in Vk is called a K-type of p. Parameterizing the X-types by 
their highest weights fi, a "lowest K-type" is one with the minimal value of + 2/3/<-||^, where pK 
is half the sum of positive roots of K. A discrete series representation always has a unique lowest 
K-type. If the lowest K-type is the trivial representation, then it is also called the spherical vector 
and the representation p is deemed spherical. The Gelfand-Kirillov dimension measures the growth of 
the multiplicities of the if-types; morally it counts the number of variables Xi needed to realize V as 
a space of functions. Finally, if all if -types in p occur with multiplicity 1 and lie along a ray in the 
weight space of K, then p is called a ladder representation. 

6/4 is expressible in terms of AA3 via 8/4(2) = (^"^0 - ^Ha) ' - 4^Ui + 4?" AA3(C^) + A^o^si^A), 
where is related to ^ by the (quadratic) adjoint map, defined by {^'^)'^ — A/'(^) ^. 
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Let us now comment briefly on the physics. Euchdean Jordan algebras J of degree 



three made their appearance in supergravity a long time ago [y, |T0|, |3^. Maxwell- 
Einstein supergravity theories with M = 2 supersymmetry in D = 5 and a symmetric 
moduli space G/H such that G is a symmetry group of the action are in one-to-one 
correspondence with Euclidean Jordan algebras J of degree three. Their symmetry 
group in D = 5 is simply the reduced structure group Stro(J) of J. Upon reduction 
to D = A and D = 3, the symmetry groups are extended to the conformal Conf(J) 
and quasi-conformal groups QConf(J), respectively. The corresponding moduli spaces 
are given by the quotient of the respective symmetry group by its maximal compact 
subgroup, and are special real, special Kahler and quaternionic-Kahler manifolds, re- 
spectively 1^, [l^, An explicit description of the quasi-conformal action QConf(J) 
of D = 3 Maxwell-Einstein supergravity theories with symmetric target spaces was 



obtained in Finally, it was observed in [15| that the minimal unitary representa- 
tion of QConf(J) is closely related to the vector space to which the topological string 
partition function naturally belongs. 



The minimal representation has also appeared in another physical context: in 
a connection between the harmonic superspace (HSS) formulation of A/" = 2, = 4 
supersymmetric quaternionic Kahler sigma models that couple to TV = 2 supergrav- 
ity and the minimal unitary representations of their isometry groups was established. 
In particular, for A/" = 2 sigma models with quaternionic symmetric target spaces of 
the form QConf(J)/Conf(J) x SU{2) there exists a one-to-one mapping between the 
quartic Killing potentials that generate the isometry group QConf(J) under Poisson 
brackets in the HSS formulation, and the generators of the minimal unitary represen- 
tation of QConf(J). It would be important to understand physically how the minimal 
representation may arise by quantizing the sigma-model in harmonic superspace. 

The main goal of the present work is to explain the relation between the twistorial 
construction of the quaternionic discrete series in and the quasi-conformal actions 



discovered in and moreover to elucidate the sense in which the minimal represen- 



tation is obtained by "quantizing the quasi-conformal action". While our results are 
unlikely to cause any surprise to the informed mathematician, we hope that our exegesis 
of ||2^ will be useful to physicists, e.g. in subsequent applications to supergravity and 



black holes, and possibly to mathematicians too, e.g. in obtaining explicit formulae for 
automorphic forms along the lines of p5| . 



As the main body of this paper is fairly technical, we summarize its content below, 
including some open problems and possible applications: 

(i) The key observation is that the variables (S, a) of the quasi-conformal realiza- 
tion have a natural interpretation as complex coordinates on the twistor space 
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Z = G/U{1) X M over the quaternionic-Kahler space G/SU{2) x M, adapted to 
the action of the Heisenberg algebra in the nilpotent radical of the Heisenberg 
parabolic subgroup of G. The logarithm of the "quartic norm" A^4 provides a 
Kahler potential ( p.57| ) for the G-invariant Einstein-Kahler metric on Z7 . Using 
the Harish-Chandra decomposition, we also construct the complex coordinates 
adapted to another Heisenberg algebra related by a Cayley-type transform, whose 
center is a compact generator rather than a nilpotent one. These coordinates are 
the analogue of the Poincare disk coordinates for SL{2, M.)/U{1), and it would be 
interesting to give a Jordan-type description of the corresponding Kahler poten- 
tial, given in ( CT) for G = SU{2, 1). 



(ii) It is also possible to view (S, a) as real coordinates on G/P, where P is a parabolic 
subgroup of G with Heisenberg radical. This G/P arises as a piece of the bound- 
ary of Z 01 oiG/K. The "quartic light-cone" then provides the causal structure 



on the boundary, as shown in Section 2.4.6 for G = SU{2, 1 



(iii) The quasi-conformal action admits a continuous deformation by a parameter 
A; G C, corresponding to the action of G on sections of a line bundle over G/P 
induced from a character of P. This action provides a degenerate principal series 
representation, which is manifestly unitary for A; G 2 + {SU{2, 1)) or k G 
3 + zM (^2(2))- We tabulate the formulas for the infinitesimal action of g in this 
representation, and determine the spherical vector. 

(iv) When k is an integer, one can also consider sections on G/P which can be (in an 
appropriate sense) extended holomorphically into Z. Thus, the quasi-conformal 
action with S, a complex as in i) leads to a differential operator realization of the 
action of G on these sections. When G = SU{2, 1) and A; > 3, as explained in 



26| , this action gives quaternionic discrete series representations; we explicitly 
compute the i^'-finite vectors of this submodule in the principal series. When 
G = ^2(2) we similarly study the i^'-finite vectors of the principal series and iden- 
tify a natural subset which has the same i^-type decomposition as the quater- 
nionic discrete series. Moreover, in this case we study also the more intricate 



picture described in [PB| for smaller values of k; while the results there do not 



strictly apply to 6*2(2) , we nevertheless find constraints defining "small" invariant 
submodules of the principal series at the expected values of k. 



^This follows by specializing analysis performed in |36 of general "dual" quaternionic-Kahler spaces 
to symmetric spaces. It will be rederived below using purely group theoretic methods (in fact, this 
approach was a useful guide for the general analysis in [^). 
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(v) Given a class in H^{Z, 0{—k)), the Penrose transform produces a section of a vec- 
tor bundle over the quaternionic-Kahler base G/K annihilated by some "quater- 



nionic" differential operators |3^, ^ |36|. For G = SU{2, 1) and k even, we argue 



formally but explicitly in Section |2.4.5| that computing the Penrose transform of 
^ is equivalent to evaluating a matrix element between and the lowest i^-type 
of the quaternionic discrete series. A similarly explicit understanding of the Pen- 
rose transform for k odd remains an open problem, which would require a proper 
prescription for dealing with the branch cuts in the formula of |^ . 



(vi) The quasi-conformal action on Z can be lifted to a tri-holomorphic action on 
the hyperkahler cone (or Swann space) 5 = R x G/M, locally isomorphic to the 
smallest nilpotent coadjoint orbit of Gq. In particular, the action of G on 5 
preserves the holomorphic symplectic form. The minimal representation of G can 
be viewed as the "holomorphic quantization" of S. We show explicitly in Section 
2]6| for SU{2, 1) and |3.4.1| for G2,2 that the leading differential symbols of the 



generators of the minimal representation are equal to the holomorphic moment 
maps of the action of G on S, and identify the corresponding semi-classical limit. 

(vii) We determine explicitly the lowest i^-type of the minimal representation, gen- 
eralizing the analysis of |^ to these two quaternionic groups. For (^2(2)5 the 



lowest i^-type in the real polarization ( 3.130 ) bears strong similarities to the re- 



sult found in |^9[ for simply laced split groups, while the wave function in the 
complex (upside-down) polarization (|3.130|) is analogous to the topological string 



wave function. (Such a relation is not unexpected, given the results of |15|, which 
showed that the holomorphic anomaly equations of the topological string can be 
naturally explained in terms of the minimal representation.) We show further that 
the semi-classical limit of the lowest i^-type wave function yields the generating 
function for a holomorphic Lagrangian cone inside the holomorphic symplectic 
space S, invariant under the holomorphic action of G^. It would be very interest- 
ing to formulate the hyperkahler geometry of S in terms of this Lagrangian cone, 
by analogy to special Kahler geometry. 

(viii) Deviating slightly from the main subject of this paper, we also give an explicit 
construction of a degenerate principal series of G2{2) induced from a parabolic 
subgroup P3 (different from the Heisenberg parabolic), with nilpotent radical of 
order 3. We also describe a polarization of the minimal representation adapted to 
this parabolic subgroup. We expect that this construction will have applications 



^This Lagrangian cone was already instrumental in |p5| , in extending the real spherical vector found 
in p9] to the adehc setting. 
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to the physics of supersymmetric black holes in 5 dimensions, along the lines 
discussed in lOl fflH. 



The organization of this paper is as follows: In Sections 2 and 3, for the two 
rank 2 quaternionic groups G = SU{2, 1) and G = G2(2) successively, we give ex- 
plicit parametrizations of the quaternionic-Kahler homogeneous spaces G/K and their 
twistor spaces, provide explicit differential operator realizations of the principal series, 
quaternionic discrete series and minimal representations, and compute their spherical 
or lowest K-tjpe vectors. 

Throughout this paper we work mostly at the level of the Lie algebras. We are not 
careful about the discrete factors in any of the various groups that appear. We are also 
not careful about the precise globalizations of the representations we consider (so we 
do not worry about whether we study functions, smooth functions, hyperfunctions 
etc); for the most part we are really considering only the (g, i^)-modules consisting of 
the i^'-finite vectors. We emphasize concrete formulas even if they are formal, with 
the idea that these formal manipulations may be related to ones frequently carried out 
by physicists studying the topological string, in light of the relations between group 



representations and topological strings identified in [|T5|. 
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2. 5^7(2,1) 

2.1 Some group theory 

The non-compact Lie group G = SU{2, 1) is defined as the group of unimodular trans- 
formations of which preserve a given hermitian metric r] with signature +, — ). 
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It is convenient to choose 

/ ^\ 

(2.1) 




The Lie algebra g = su{2, 1) consists of traceless matrices such that rjX + X'^rj = 0. 
This condition is solved by 



'H + iJ/3 Ep-iEg, iE \ 

X=\F^ + iF, -2^/3 - {E^ + lEg) 
-iF -(Fp-iFg) -H + iJ/3 J 



X,X, (2.2) 



where {X_^\ = {iL, J., Kp, E^, E, F^, F^, F} are the real coefficients of the generators 
{Xi} = {H, J, Ep, Eg, E,Fp, Eg, F} in g. The latter are represented by anti-hermitean 
operators in any unitary representation. They obey the commutation relations (con- 
sistent with the matrix representation above) 



[Ep,E] 


= 0, 


[E,,E] 


= 0, 


[Ep, E] 


= 0, 


[E„ E] 


= 0, 


[Ep, Eg 


= -2E, 


[Ep, Eg] 


= 2F, 


[J,Ep] 


= -Eg, 


[J, Ep] 


= -Eg, 


[J, Eg] - 


= Ep, 


[J, Eg] - 


^ p) 


[H,Ep] 


= Ep, 


[H, Fp] 


= -F 
^ p. 


[H, Eg] 


= Eg, 


[H, Eg] 


= -Eg, 


[H,E] 


= 2E, 


[H,F] 


= -2F, 


[Ep, Fp] 


= H, 


[E„Fg] 


= H, 


[Ep, Eg 


= 3J, 


[Eg, Fp 


= -3J, 


[E, Fp] 


= Eg, 


[E, Ep] 


= -E,, 


[E, Eg] 


= -Ep, 


[E, Eg] 


= Fp, 


[J,E] = 


= 0, 


[J, E] = 


--0, 


[E,F] 


= H, 


[H, J] - 


= 



(2.3) 

The center of the universal enveloping algebra U{g) is generated by the quadratic 
Casimir 

C2 = - + \{EpFp + FpEp + EgFg + FgEg) + ]^{EF + EE) (2.4) 



(2.5) 



and cubic Casimir 

Cs =H^ J+J^-E {Fl + F^) + F{El + E^ 

+ {Eg Ep - Fp Eg)H +{4EF- Fp Ep -Eg Eg -2) J 

The Casimir operators take values 

1 Ai 
C2=P + q + ^ip'+pq + q') , C, = —{p - q)ip + 2q + 3)iq + 2p + 3) (2.6) 

in a finite-dimensional representation of SU(2, 1) corresponding to a tensor Tj^"'j^ with 
p upper and q lower indices (in particular, {C2,C2,) = (3,0) and (4/3,80i/27) for the 
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adjoint and fundamental representations, respectively). It is convenient to continue to 
use the same variables {p,q) defined in ( |2.6| ), no longer restricted to integers, to label 
the infinite-dimensional representations of SU{2, 1). Alternatively, one may define the 
"infinitesimal character" 

Xi = -^{p + 2q + 3) , X2 = ^ip-q), X3 = ^{2p + q + 3) (2.7) 

with xi + X2 + X3 = 0, such that the Weyl group of SU{2, 1) acts by permutations 
of {xi,X2,X3). In a unitary representation, either all Xj are real, or one is real and 
the other two are complex conjugates In the former case one may choose to order 
xi < X2 < X3, corresponding to p > —l,q > —1. We shall be particularly interested 
in representations where p = q, such that the infinitesimal character is proportional to 
the Weyl vector (—1, 0, 1). 

The generators H, J generate a Cartan subalgebra of g. The spectrum of the 
adjoint action of 

Spec( J) = {0, ±i} , Spec{H) = {0, ±1, ±2} (2.8) 

shows that H and J are non-compact and compact, respectively. In fact, the generator 
H gives rise to a "real non-compact" 5-grading 

= F|_2 © {Fp, © {H, J}|o © {Ep, Ejli © E\2 (2.9) 

where the subscript denotes the eigenvalue under H. In this decomposition, each 
subspace is invariant under hermitian conjugation. Moreover J© {E, H, F} generate a 
U{1) X SL{2,M.) (non-compact) maximal subgroup of G. The remaining roots arrange 
themselves into a pair of doublets of SL{2, M) with opposite charge under J, 

Fp — iFg Ep — iEg\ , 
Jp + iFg Ep + lEj ^ ■ ^ 

as shown on the root diagram |^. The parabolic subgroup P = LN with Levi L = 
M X U{1) generated by {H, J} and unipotent radical generated by {Fp, Eg, F}, cor- 
responding to the spaces with zero and negative grade in the decomposition ( p. 121 ), is 
known as the Heisenberg parabolic subgroup, and will play a central role in all con- 
structions in this paper. 

For later purposes, it will be useful to introduce another basis of g adapted to a 
maximal compact subgroup K = SU{2) x U{1). We first go to a compact basis for the 
SL{2, M) factor generated by E, F, H: 

Lo = ^{F-E), Ko = ^{2Lo + 3J) , L± = -^{E + F ±iH) (2.11) 
K± = -\ [Ep ± lEg + {Fp ± iFg)] , J± = [Ep T lEg - {Fp t iFg)] 
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Figure 1: Root diagram of SU{2,1) with respect to the mixed Cartan torus H,J (left) 
and the compact Cartan torus Lq,J (right). The compact (resp. non-compact) roots are 
indicated by a white (resp. black) dot. 



Then {L^, Lq, L_} and {K^, Kq, K_} make two SL{2,M.) subalgebras, with compact 
Cartan generators Lq and Kq, respectively, 

[Lo, L±] = ±tL± , L_] = -tLo (2.12) 

[Ko, K±] = ±iK^ , KJ^ = -tKo (2.13) 

Since Spec(Lo) = {0, ±|, ±i}, (Lq, J) now form a Cartan torus, and Lq gives rise to a 
new 5-grading 

g = © {K^, J_}|_. © {Lo, J}|o © i^+}U © L+\i (2.14) 



where the subscript denotes the eigenvalue under Lq. Unlike the 5-grading ( p.9|) , in 
(|2.14 ) hermitean conjugation exchanges the positive and negative grade spaces. 
Next, we perform a it/3 rotation of the root diagram, and define 

J3 = \{F-E-3J) , S = ^iF-E + J) (2.15) 

4i,±f = ±2v/2zL± , = V2K^ (2.16) 
Then {J+, J3, J_} and S" generate the compact subgroup K = SU{2) x f/(l),^ 

[J3, J±] = ±iJ± , [J+, J-] = 2^3 (2.17) 



^To be precise, K = {SU{2) x C/(l))/Z2. We abuse notation by suppressing this Z2 in most of 
what follows. 
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In particular, J3 induces the "compact 5-grading" 
J_,|_, © {L_, © {J3, S}\o © 



(2.18) 



where the subscript now denotes the J3 eigenvalue. The remaining roots can then be 
arranged as a pair of doublets under SU{2) with opposite U{l)s charges, 



J-l _3 Jl _3 

2 ' 2 2 ' 2 

J l 3 t/l 3 

2 ' 2 2 ' 2 



(2.19) 



as shown on the second root diagram on Figure |^. 

In order to represent the generators in the compact basis by pseudo-hermit ian 
matrices, it is convenient to change basis and diagonalize the hermitian metric (p.l|). 



7]' = Cr]C' 







(7, 







(■-.) 




1 

V2 





1 






\0 


1 


/ 



(2.20) 



The generators preserving the metric rj' can now be parametrized as 

-J- \ 

iS ' -2J_ 



v 



2 Jl 3 

jI" -2Ji _3 i(J3-5)y 



1 3 

2 ' 2 



(2.21) 



2 ' 

where Jr,,S are real, while J. = J* , J, 1 ,3 = J* 1 ^3, J_i_i -^3 = Jli _l3. By analogy 

— i'— ' — ± — =F' — ±2,±2 — Ta'Ta ' — ±2'=F2 — =F2.±2 

with the 5*1/(2, M) = ^[/(l, 1) case, we shall refer to the matrix C as a Cayley rotation. 



2.2 Quaternionic symmetric space 

We now describe the geometry of the quaternionic-Kahler symmetric space K\G = 
{SU{2) X U{1))\SU(2, 1). This space is well known in the string theory literature as 
the tree-level moduli space of the universal hypermultiplet (see e.g. [Tl|, ^ 



for some useful background). It is in the class of "dual quaternionic manifolds", in 
the sense that it can be constructed by the c-map procedure |^5|, |T^ from the trivial 
zero-dimensional special Kahler manifold with quadratic prepotential F = — z(X°)^/2. 
In order to parameterize this space, we use the Iwasawa decomposition of G 



9 



k ■ e-^^ ■ 



aE 



(2.22) 

where k is an element of the maximal compact subgroup K = SU (2) x f/(l). In terms of 
the fundamental representation, this is g = k-eqx where cqk is the coset representative 









egx = 1 




K 









1 c+< ^^-\{e+e 

1 -(C-<) 



(2.23) 
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The right-invariant g-valued 1-form is then 



-dU e-^{dC + idQ ie-^^{da + (dC - CdC)\ 
= dcQK eg], = I -e-^idC - idQ (2.24) 

dU I 

Expanding 9 on the compact basis of g, its 1-form components are 

]=-[ , 2.25 

2 ' 2 2 ' 2 / ^ ' 

















\-\\ 









S=^{v-v) (2.26) 



where we defined the 1-forms 

u = -^e-^(rfC + ^^^C) , v = dU+ '-e-'^'ida + (dC - (dQ (2.27) 

The non-compact components ( p. 251 ) give the quaternionic viel-bein of the invariant 
metric, while the compact components ( p. 261) give the spin connection, with restricted 



holonomy SU{2) x U{1). The invariant metric on K\G is thus given by 

ds'^ = 2{uu + vv) 

/ ~ \ 1 / ~ ~\2 (2.28) 

= 2{d\jf + [dC + dC) + -e-^"" [da + C^C - C^C) 

An exception among quaternionic-Kahler, this metric is Kahler in the complex structure 
induced from the U{X) generator S. A Kahler potential is given by — log(s + s — 2cc), 
where s, c are the complex coordinates 

s = e2^ + C' + C' + ^^x, c = C + <. (2.29) 

The group G acts on the coset space K\G by right multiplication, followed by a 
left action of the maximal compact K = SU(2) x f/(l) so as to maintain the Iwasawa 
gauge = 1 in ( |2.22|) . The metric is invariant under this action. This gives an action 
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of SU{2, 1) by Killing vectors on K\G: 



QK 



-Cdu - (a + 2CC)9c + 



+ 



(2.30a) 
(2.30b) 



(2.30c) 



F,^^ = Cdu - 



c(e^^ + ^(c^ + c^; 



(2.30d) 



F^^ = -adu + 



to 













2 I ?2' 



+ 



C(e^^ + ^(C^ + a)-aC 



(2.30e) 



The action of G on K\G also induces a representation of G on LF'{K\G). The 
quadratic Casimir in this representation is proportional to the Laplace-Beltrami oper- 
ator of the metric ( p.28| ), while the cubic Casimir vanishes identically: 







(2.31) 



2.3 Twistor space and Swann space 



The twistor space 2 is a CP^ = U{1)\SU{2) bundle over the quaternionic-Kahler space 
{SU{2) X U{1))\SU{2, 1), which carries a Kahler-Einstein metric. The fibration is such 
that the SU{2) "cancels" so that Z is an homogeneous (but not symmetric) space, 



Z = {U{l)sxU{l)j,)\SU{2,l) 



(2.32) 



Let H denote the subgroup [/(l)^ x f/(l) jg . In the following we construct two canonical 
sets of complex coordinates on Z, adapted to two different Heisenberg algebras, and 
relate them to the coordinates UXid^ the base and the stereographic coordinate 
z on the sphere.^" 



^°0f course, these "coordinates on Z" really cover only an open dense subset; they become singular 
at the (canonically defined) north and south poles of the CP^ fibers. 
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2.3.1 Harish-Chandra coordinates 

The complex structure on Z can be constructed by using the Borel embedding H\G ^ 
P^\Gc where is the parabohc (Borel) subgroup of the complexified group Gc, gen- 
erated by the positive roots <^i,±|) J+ and Cartan generators J3, S. To obtain complex 
coordinates from this embedding we go to the Cayley-rotated matrix representation 
(|2.21|) , and perform a N'A'N' decomposition, 



CezC-' = \pl I ■ I I • I 1 g I (2.33) 

\kqlj \ a/h) \ 1/ 

The entries p, q, k in the upper-triangular matrix by construction provide holomorphic 
coordinates on Z. The lower-triangular and diagonal matrices are then expressed in 
terms of p,q,k and their complex conjugates p, q, k by requiring that (|2.33|) is an element 
of SU{2, 1) rather than of its complexification: 




^ p-kq ^ kp-pqp + q ~ {pq - k)^ kk - pp + I 
p = — , q = _ , k = -= (2.34a) 



\/kk — pp + 1 
EV4 



(2.34b) 



{kk -PP + 1)1/4 ' -PP+ 1)1/4^1/4 

where 

H = 1 + kk — qq — kpq — kpq + ppqq (2.35) 

These coordinates are adapted to the holomorphic action of the Heisenberg algebra 
generated by J_i _|_|, J-, in the sense that 

J_i 3 = -2{dq+pdk) , J_i._3 = 2dp , J_ = -dk (2.36) 



2 ' 2 



It is useful to record the action of the other generators in the compact basis, 

1 3z 

J3 = 2^p9p + qdg + 2kdk) , S = —{pdp - qdg) , (2.37a) 

J+ = —kpdp — {k — pq)qdq — k'^dk (2.37b) 

Ji 3 = -2p^dp - 2{k - pq)dg - 2kpdk , Ji _3 = -2kdp + 2q^dg (2.37c) 



A G-invariant metric on Z can be constructed in the usual way, by applying an L- 
invariant quadratic form on g to the g- valued 1-form 6 = dez ■ e^- In contrast to 
the case of K\G, this quadratic form is not unique up to scalar multiple, but has 
parameters (a,/?, 7) G M^: 

aJ. J_ + ;5Ji 3 J_i _3 +7J1 _3 J_i 3 (2.38) 

^ 2'22'2 2'22'2 
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These parameters can be fixed by requiring that the resulting metric on Z is Einstein- 
Kahler. In particular, the Kahler potential must be proportional to the volume element. 
This uniquely fixes a = — 2,/3 = 7 = 4 (up to rescalings) and gives the Kahler potential 



Kz = - log [(1 + kk-pp){l + \k 



pq\ 



qq 



(2.39) 



This reproduces Eq. 7.28 in |^ upon identifying k = C/2,p = v,q = —u. Under 
the action of Ji a + J_i _3, Ji _3 + J__i a, J. + J_, Kz transforms by a Kahler 

2'2 2'2 2'_2 2'2 

transformation Kz Kz + f + f, with / proportional to p,q,k — ^pq, respectively. 



2.3.2 Iwasawa coordinates 



We now exhibit the twistor space Z as an S"^ fibration over K\G, such that the S"^ 
fiber over any point on the base is holomorphically embedded in Z. For this purpose, 
we recall that the complex structure on 5"^ = U{1)\SU(2) can be constructed using the 
Borel embedding U{1)\SU{2) ^ Bc\SL{2X)- Here SL{2,C) C Gc is generated by 
J+, J3, J- and Be is the Borel subgroup generated by J+, J3. The embedding is simply 
obtained by starting with a coset representative e G U{1)\SU{2) and viewing it instead 
as a representative in i?c\5'L(2,C) (this is consistent since fl SU{2) = U{1).) The 
same class in Bc\SL{2,C) is also represented by exp2;J_ for some z G C (with one 
exception corresponding to z = 00), giving the desired complex coordinate. 

Now we use the same idea for Z. So we return to the original matrix representation 
(|2.2|) , and parameterize Z by the coset representative 



ez 



1 



-iJs „-2J- „ 

e eQK 



l + zz 

+ v^TT^) ^ 1(1 - 



^/l + zz 







V2 2* 
1 



■^z 



- v/TT^) ^ i(i + v^TT^) I 



(2.40) 
(2.41) 



where cqk is a representative for K\G in the Iwasawa decomposition ( p.23| ). The 
coordinate z is then a stereographic coordinate on the 5*^ fiber over each point of K\G. 

By Cayley rotating ( p.40| ) and performing the Harish-Chandra decomposition (p.33|) , 
we can now relate the complex coordinates p, g, k and their complex conjugates to the 
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coordinates U, a on the base and the coordinate z on the fiber: 

4 

p = . ^ - 1 2.42a 

2 + 2ia + 2e^u - C - C + 2iV2eU z{C + iC) 



2^26^ « + - (C^ + + 2ia + 2 - 2e 
2iy/2z{C + <) + 4e^ 



(2.42b) 



2(2e^z+V2{iC + ()) 
k = !i I (2 42c) 

2 + 2ia + 2e^u - C - C + '2tV2eU z{C + iC) 

Rather than obtaining the metric on Z in the coordinates U,(,Cj cr^ -2, ^ from the Kahler 
potential (p.39|) by following the change of variables, we can simply decompose the 
invariant form 9z = deze^^ and plug into (|2.38|) using the values of a,/?, 7 that were 
determined above. The components of 9z along x U{1))\SU{2, 1) read 




1 fu + zvv — zu 



Vl + ZZ \V - ZUU + zv 



(2.43a) 



J , = '^—\dz + u+-ziv-v) + z^u\= (2.43b) 

1 + ZZ \ 2 J 1 + zz 

J = { dz + u z(v -v) + z^u] = (2.43c) 

1 + zz \ 2 ^ ' I l + zz ^ ' 



leading to the Kahler-Einstein metric 



DzDz 



dsi = uu + vv - 2- — - (2.44) 

(1 + ZZ)'^ 

with signature (4, 2). The connection term in Dz is recognized as the projective SU{2) 
connection, 

Dz = dz- ^{Ai + %A^) + %A^z - ^(Ai - lA^^z" (2.45) 

= dz^u - \-z{v -v)\ z^u (2.46) 

where 

Ai = -(m + m), A2=i{u-u), A^ = ]^{v-v) (2.47) 

are the components of the SU{2) spin connection computed in ( |2.26| ). A basis of holo- 
morphic (1,0) forms providing a holomorphic viel-bein of Z is given by the components 
of 9z with negative weight under J3, 



V = ^ ^ (V2Dz, u + zv,v- zu) (2.48) 

y/l + ZZ ^ / 
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The Kahler form can be written as 

Dz Dz 

[I + zz 



= -JT-T^ + ^ ^a^" (2-49) 



where x"" is the unit length vector with stereographic coordinate z, 

z + z iiz — z) 1 — zz , ^ 

^l = T— -, ^2 = ^—^, ^3 = T— - (2.50) 

1 + zz 1 + zz 1 + zz 

and uja are the quaternionic 2- forms on the base, 

uo^ = — (uv — uv) , = -iuv + uv) , uj'^ = — (uu + vv) (2.51) 
2i 2 2i 

It may be checked that this triplet of 2-forms satisfies the constraints from quaternionic- 
Kahler geometry, 

dcu"- + eijkAj A u;^ = , dAi + eijkAj A Ak = 2uJi (2.52) 
2.3.3 Complex c-map coordinates 

While the complex coordinates p, q, k are adapted to the action of the generators 
J-^^3,J_i _a,J^, in the sequel it will be useful to have complex coordinates 
adapted to the "non-compact" Heisenberg algebra Ep, Eg, E, i.e. such that the action 
of these generators takes the canonical form 

Ep = d^ + ^d^, Eg = -d^ + ld^, E = -d^ (2.53) 

(Since G acts holomorphically, we have abused notation by writing only the holomorphic 
part; the real vector fields would be obtained by adding the complex conjugates, in 
(|233|) and below.) 

The change of variables can be found by diagonalizing the action of these generators 
in the p, g, k variables, leading to 

. i(P - (p+ l)g/c+p+ 1) - _A;2 + (p+ 1 ,^rA ^ 

s = — 1= , c = —F^ (2.54a) 

^/2{p + l){-k + pq + q) V2{p + l){-k + pq + q) 

i{q + kp-p'^q) fo ^au\ 

" = / . .w, r (2.54b) 

[p + lj{k - pq - q) 

or, conversely. 



p 



e + e-2ia-2' 2^/2{i + if) ' e + e - 2ia - 2 

(2.55) 
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The full action of G is then given by 



-dr. 



QC 



p QC 



P QC 



pQC 



da 



« 2 

2 I c2 



2ai 



(2.56a) 
(2.56b) 

(2.56c) 
(2.56d) 

(2.56e) 



In the new coordinate system ^, ^, a, the Kahler potential ( |2.39| ) (after a Kahler 
transformation by / = (p + 1)(A; — g — pg)) is 



^2 = ^ log ^4 = ^ log 



(e-0' + (e-|)'l' + 4(a-a + ee-eO^ 



(2.57) 



Here we note that A^4(^, ^, a; ^, a) is the quartic distance function of quasi-conformal 
geometry. Since G acts by isometrics on it leaves the Kahler potential ( p. 57] ) in- 
variant up to Kahler transformations. Equivalently, the quartic norm A^4(^, ^, a; ^, ^, a) 
defined by ( |2.57| ) transforms multiplicatively by a factor f{^,C,,a)f{^,C,,a), where the 
holomorphic function / depends on the generator under consideration. In particular, 
the "quartic light-cone" A^4 = is invariant under the full action of SU{2,1), which 
motivated the appellation "quasi-conformal action" in . 

Such a coordinate system adapted to the holomorphic action of a Heisenberg group 
exists for any c-map space and was used heavily in Moreover, the result (p.57|) 
agrees with a general formula for the Kahler potential given there. 



2.3.4 Twistor map 

Combining the changes of variables ( p.42a| ) and (|2.54] ), we find that the complex co- 
ordinates (^,,^,0;) are expressed in terms of the Iwasawa coordinates UXX^'^^ z,z as 



e = c + 



V2' 
1 

7=2' 



[z-z~-) 



a = a -\ i=e 

72 



(2.58a) 
(2.58b) 
(2.58c) 
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Again a) is a holomorphic (rational) function of z, at fixed values of U, (, a, so 
that the twistor fiber over any point is a rational curve in Z. Conversely, 

iV4 



8[(e-0^ + (e-e>] 

2(«-a)(e-l) + (e-ofe' 



=2 



2[(^-0^ + (e-0'] 



2(a-a)(^-o + (^-o e-r+e-^ 



~2 



a + a 



(a 



a 



2[{^ - 0' + - 0'] 

2[(e-0^ + (e-e>] 



(2.59a) 
(2.59b) 
(2.59c) 
(2.59d) 



X 



- 0' + (I - 0' - 2^(a - « + a - ^2.59e) 



^ e - e + ^(1 - 1) - + - + 2^(« - « + el- 

These formulae are in agreement with the general results in . 

Using the twistor map ( |2.58| ), one finds that the action of G on 2^ reproduces the 
action on the base ( p.30a ), plus an action along the fiber: 

pQC ^ pQC ^ pQK ^ pQC ^ pQC ^ pQK ^ ^QC ^ j^QC ^ ^QK ^ 
jjQC ^ jjQC ^ jjQK ^ jQC ^ jQC ^ jQK _ ^^^q^ _ -q^^ 
pQC ^ pQC ^ pQK _ ^ ^2^Q^ ^ ^1 ^ ^2^Q^^ _ ^^^^^q^ _ -q_^ 

pQC ^ pQC ^ pQK ^ ^^^U _ ^2)^^ _ _ -2)^^_] _ ^^^^^q^ _ -q^^ 



pQC ^ pQC ^ pQK ^ (^^^2U _ 3(^2 ^ ^2) ^ (^^^ _ 



1 + z')C z'X 9, + (1 + -z'X + z{l - -z'X d.. 



(2.60) 



These formulae will be useful in Section p.4.5| when we discuss the Penrose transform. 

At this stage, we note that the twistor map relations ( p.58| ) can be obtained more di- 
rectly by the following trick. Recall that P is the parabolic subgroup of lower-triangular 
matrices in the matrix representation ( p.2| ), and let P be its opposite subgroup consist- 
ing of upper-triangular matrices. Then we construct a new embedding H\G ^ Pc\Gc 
by choosing a different coset representative: we use the formula ( |2.40| ) for ez but make 
an analytic continuation, regarding z and z as independent and then taking a limit 



-1/z 



(2.61) 
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If we ignore for a moment the fact that the hmit ( p.61| ) of ( p.40| ) is singular, formally it 
defines an element of Gq. Moreover, the locus of elements in Gc so obtained is formally 
invariant under G, essentially because ( p.61D is constructed from the antipodal map 
(real structure) on CP^, which is 5'f/(2)-invariant. This locus will give the desired copy 
of H\G inside Pc\Gc. We now define the coordinates (^,^,a) in Pc\Gc using the 
A^c^^c decomposition. 




1 



(2.62) 



Then a direct matrix computation gives the coordinates of ez as 



V2 



-1 + 



zz 



zz 



1 



a = a 



V2 



-1 + VI + zz 

zz 

-1 + ^l + zz 



(z - z) 



(z + z) 



zz 



^(C + <)-^(-C + <) 



(2.63a) 
(2.63b) 
(2.63c) 



recovering the desired result 



after setting z = —1/z. The result shows that the 



limit (|2.61|) is in fact regular in NcA\Gc (although not in Gc). 
2.3.5 Swann space 

There is an important complex line bundle over Z, which we call 0{2). It may be 
defined in two different ways. One way is to use Z = H\G. Then 0{2) is determined 
by the character expiJ^ oi H — in other words, a section of 0{2) is a function on G 
which transforms under H by this character. This definition makes it easy to prove 
that 0{2) admits a Hermitian structure. 

On the other hand, one can also define 0{2) using the Borel embedding Z ^ 
P<c\Gc- In that case we would define 0{2) as the pullback to Z of the line bundle 
determined by the character exp H of Pc- This definition makes it easy to see that 0{2) 
is a holomorphic line bundle; it is what we will use in the discussion of quaternionic 
discrete series below. 

More generally, define (9(m) = (9(2)®^ for m even; this is similarly a Hermitian 
holomorphic line bundle over Z. 



^^By definition, the character "expiJs" takes the value expiJa on exp(J3 J3 + S_S) G H; we will use 
this notation for characters frequently, always implicitly with respect to some basis of the corresponding 
Lie algebra. 
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The Swann space S, also known as the hyperkahler cone over K\G, is the total 
space of 0{—2) over Z; locally it could be paramaterized by complex coordinates on 
Z plus one additional coordinate in the fiber of 0{—2). It is naturally a hyperkahler 
manifold, with an SU (2) isometry rotating the complex structures into one another 



B EI 



The circle in the unit circle bundle of 0{—2) "cancels against" the U{1) in the 
denominator of (|2.32|) . So this circle bundle is the homogeneous 3-Sasakian space 
U{1)\SU{2, 1), which can be parameterized by the coset representative 

635 = e"^''ez (2.64) 

S is then a real cone over this homogeneous space, 

5 = M+ X f/(l)\5f/(2,l) (2.65) 

The right-invariant form O^s = dess^^s "^3 component 

J2 = d(j)^ — (zdz-zdz + 2{zu-zu) + -{v-v){l-zz)] := D(j) (2.66) 

while the other components are identical to those of 6z except for a rotation under 
U{l)j^. Note that we can rewrite 

J„ = d(f)-\ ^— (zdz - zdz) + XqA" (2.67) 

1^ zz 

The metric of the 3-Sasakian space is obtained by adding J-^ to (|2.38| ), with the ap- 
propriate coefficient to enforce SU (2) (left) invariance. The metric on S is therefore 

dsl = -{dr'' ^r'' -ds\)\ , (2.68) 

with indefinite signature (4,4). 

2.4 Quasi-conformal representations 
2.4.1 Principal series 

An interesting family of "principal series" representations of G are obtained by induc- 
tion from the parabolic subgroup P generated by {F, Fp, Fg, if, J}, using the character 
Xk = e~^—l'^ of P for some /c G C. We now briefiy recall the definition of induction, 
which we will use many times in this paper; see e.g. for more. 

The representation space of the induced representation consists of functions / on 
G which obey 

/(^7P) = Xfc(p)/(^)- (2.69) 
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These functions can also be thought of as representing sections of a homogeneous 
hne bundle over P\G defined by the character Xk- We represent them concretely by 
choosing specific representatives of P\G] a simple choice is to use elements of the 
opposite nilpotent radical N generated by Ep, Eg, E, i.e. upper-triangular matrices. 

So to compute concretely the action of some G g, we act on the upper-triangular 
matrix 

1 -C + < j (2.70) 

by E and then act from the left by a suitable X E p to put the result back in upper 
triangular form. This gives a differential operator acting on {(, (, a), to which we must 
add Xk{^) reflecting the twist by ( |2.69| ). The result is 



p QC 



p QC 



pQC 



E, 



QC 



-Cd, - Cdc - 2ad^ -k , J"^^ = -Cd^ + Cd, 



(2.71a) 
(2.71b) 



-(3C' - ~e)d^ + (a - 2CC)5c - - [C(C' + e) + 2crC\ - kC (2.71c) 
-i(3C2 - e)d^ + (a + 2(08^ - i [((C^ + C') - 2aC] + kC (2.71d) 



1 

da- + ka 



C(C' + C') + 2aC 

The quadratic and cubic Casimirs are constants 

C2 = -k{A - k)/A , 



C(C^ + C') - 2aC 



(2.71e) 



C, = 



(2.72) 



corresponding to p = g = (A; — 4)/2. 

If we choose A; = 2 + is for s G M, then this representation is infinitesimally unitary 
with respect to the inner product with measure d( d( da. 

2.4.2 Quaternionic discrete series 

Above we constructed the principal series representations using the action of G on 
appropriate sections of line bundles over P\G. There is a complex-analytic analogue 
of this construction, described in which uses instead the action of G on Z. 

Formally the construction is easy to understand. We gave the action of G on holo- 
morphic functions on Z above in (|2.56a|) . It may be slightly generalized to give formally 
a representation on holomorphic sections of the homogeneous line bundle 0{~k) over 
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(2.73a) 
(2.73b) 



-^9 



(3^^ - f')9^- + (a - 2^)5^ - - [^(f' + e) + 2<J 5, - (2.73c) 
i(3e' - + (« + 2^05^- - ^ tee' + e) - 2ae1 5a + k^ (2.73d) 



e(e' + e') + 2ai 
(f^ + e^)^ - 



a; 

« 2 



(9q, + /ca 



(2.73e) 



The differential operators (|2.73|) are of course simply related to the ones we wrote above 
in (|2.71| ), by replacing the real coordinates {(, (, a) on P\G by the complex (^, ^, a) on 
Pc\Gc- 

This representation is formally unitary with respect to the inner product 



(/1I/2) 



dlda did! da e^'^-^)^- /* (C, |, a) m, I a) 



(2.74) 



Indeed, the invariant volume form on Z is e~'^^^\dC,dC,da\'^ (more generally —4 in the 
exponent would be replaced by —2d — 2, where d is the dimension of K\G) while the 
factor e''^^ comes from the Hermitian norm in (9(— A;)p6|. 

However, this representation would appear to be trivial, since (for k > 0) there 
are no global sections of this line bundle, i.e. the zero-th cohomology H^{Z, 0{—k)) is 
empty. In the desired representation space is identified instead as H^{Z,0{—k)). 
Here we work directly with holomorphic sections possessing some singularities, which 
should be understood as Cech representatives for classes in H^{Z, 0{—k)) with respect 
to coverings by two open sets, in the spirit of the early literature on twistor theory. 
It is not obvious that one obtains all classes in H^{Z,0{—k)) in this way, but in 
most of our considerations we restrict ourselves to these, and indeed we simply write 
/ G H^{Z, 0{—k)) where / is a section with singularities. 

The formal inner product ( |2.74| ) then has to be carefully interpreted, since /i and /2 
are Cech representatives and hence only well defined up to certain shifts by holomorphic 
functions; in order to get a well defined inner product, one must interpret ( p.74| ) in a 
way that involves only contour integrals. Here we give only a formal heuristic account, 
which will be adequate for our purposes in Section p.4.5| . We begin by analytically 
continuing Kz to a function on Z x Z, obtained by considering the holomorphic and 
antiholomorphic dependence independently. Then for any fi G H^{Z, 0{~k)) we define 
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heH\z,d{k-4))hj 

h = j dididae^^~'^^-h, (2.75) 

where the integral runs over some contour m Z ^ Z. This construction is an analogue 
of the "twistor transform" discussed in e.g. for the case Z = CP^. In |Q it is 



argued that this transform is involutive, / = /; in Section [L^.4.5| we will assume that the 
same is true in the present case. (This is an analogue of the fact that on a Hermitian 
symmetric space the Kahler potential behaves as a reproducing kernel for holomorphic 
functions.) 

Complex conjugation gives /i e H^{Z, 0{k — 4)), which can be paired with /2 G 
H^{Z,0{—k)) and contour-integrated, so that 

(/i|/2) = j didldahh. (2.76) 

This is our interpretation of ( ^.74| ). It is still formal, since we did not specify the 
contours of integration. In the example we consider below there will be a natural choice. 
In general, however, it is difficult to make sense of this formal prescription, much less to 
check that it is positive definite; one instead checks the existence of a positive definite 
norm by a purely algebraic computation on a special basis of "elementary states" (in 
our context, these are the i^-finite vectors). 



We do not perform such an analysis here, but rely on the results of |2^. There 
one finds that for A; > 2 the spaces H^{Z,0{—k)) are irreducible and unitarizable 
representations of G. For k > 3 they belong to the discrete series and are called 
quaternionic discrete series representations. The representation at /c = 2 is a limit of 
the quaternionic discrete series. 

2.4.3 Quaternionic discrete series as subquotients of principal series 

These quaternionic discrete series representations are expected to be obtained as sub- 
quotients of the principal series which we discussed above. To understand why this 
happens, we recall the simpler case of the unitary representations of SL{2,'R). There 
one has a continuous principal series realized in a space of sections of a line bundle Ck 
{k G C) over the equator of CP^ = B^\SL{2, C). If G Z, then Ck extends holomor- 
phically over the whole of CP^. One then gets the holomorphic and antiholomorphic 
discrete series by looking at sections which admit analytic continuation from the equa- 
tor over respectively the northern or southern hemisphere, then dividing out by the 
space of sections which can be continued over the whole of CP^. 

In the quaternionic case the situation is similar. Firstly, the space P\G occurs 
as part of the boundary of Z in an appropriate sense; in terms of our coordinates 
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^, a) on Z, this boundary is the locus where all coordinates become real (then 
they are identified with our coordinates on P\G hj ^ ^ (, ^ ^ (, a ^ a.) So for 
discrete values of k, one might expect to obtain a submodule of the principal series 
representation by considering those sections which are boundary values of holomorphic 
objects on Z, and then obtain a unitary representation as some quotient thereof.^^ We 
will see this expectation realized in the algebraic discussion of the next subsection. 



2.4.4 i^'-type decomposition 

We now discuss the decomposition of the principal series representation under the 
maximal compact subgroup K = SU{2) x U{1), which we recall is generated by J±, J3 
and S. 

We begin by constructing the spherical vector, invariant under K. For this purpose 
consider the action of K from the right on our coset representative for P\G, 

n=\ 1 -C + < I • (2.77) 

K acts on the three rows Vi, preserving their Hermitian norms On the other hand, 

the action of P from the left mixes the rows. Since P is lower-triangular, though, its 
action on the top row is simple: it just acts by the character e— Now consider the 
function 

fK = \\vA-'^' = (1 + + e + cr' + \{C' + C^)^) (2.78) 

as an element in the principal series representation. By definition, to compute the 
action of A; G iiT on /t^-, we first transform n by A; acting from the right, then act 
by a compensating element p E P from the left to restore the form (|2.77| ). This 



modifies (|2.78| ) by a factor e ^-^(p)/^. However, we also have to include the explicit 



factor e^—^^^^'^ from the definition of the principal series. So altogether we find that 
(|2.78|) is i^'- invariant. 



^^The notion of "boundary value" in this case is somewhat subtler than it was in the case of SL{2, R), 
because on Z we deal not with functions but with cohomology classes. The reason is that the structure 
of Z near the boundary is more complicated than that of the upper half-plane; it is not contained in 
any convex tube domain, essentially because of the circle parameterized by the phase of z, which winds 
around the boundary. The correct notion of boundary value in this case should involve integration 
over this circle, as described in e.g. [^. 
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More generally, the highest weight vectors of SU{2)j (vectors annihilated by J-i 
are given by 



c + < 



2 " 

:2 I ^2 



j-7<s r 



1 



ue+e 



i + C + C + ^' + \{C' + C'f 



2 

-1 -k/2 



(2.79) 



with eigenvalues ji and si for J3 and 5, respectively. 

In section p.6.1| below, we shall see that these states have a simple expression in 
terms of the moment maps of the action of G on the symplectization of P\G. For now, 
we observe that the highest weight states fj^g are mapped to each other by the action 
of the raising operators Ji _|_3: 



Ji 3 

2 ' 2 



2 ' 2 



/,,, = -(3fc + 6j + 2.)/^.^i^,^3 



(2.80) 



Applying the lowering operators J_i _|_3 gives a linear combination of the highest weight 
state f,- 1 „, 3 and a descendant of f,- , 1 ..s: 



J 1 3 ■ f . 

~2'2 •'- 



3,s 



(3j -s)(6 + 6j -3A;-2s) 

18v^(2j + 1) 
(3j + s)(6 + 6j-3A; + 2s) 
9(2j + 1) 



.3 + 



3fc + 6j + 2s 
3(2j + 1) 



3(2j + l) 



(2.81) 



Using these equations, we may now study the structure of the module generated 
by fj^s and its descendants; it is pictured in Figure |^. 

For generic k this module is irreducible and not manifestly unitarizable. When k 
is an integer, the situation is more interesting. For even integers k > 2, there is an 
irreducible submodule generated by fj={k~2)/2,s=o- Its i^'-type decomposition coincides 
with that of the representation labeled by p = g = (fc — 4)/2 in the parameterization 
of 0, namely, 

00 3m/2 

b = m/2]. (2.82) 

m=k-2 s=-3m/2 

We identify it as the quaternionic discrete series with index k (or limit discrete series 
for k = 2) p6|; in particular, it is unitarizable. It has no spherical vector unless k = 2. 



-27- 



For (possibly negative) even integers < 2, we can similarly obtain the represen- 
tation with p = q = —k/2, this time as a quotient instead of a submodule; namely, 
we divide out the submodule consisting of all states with 3j — |s| < 3{k — 2)/2. The 
resulting representations are equivalent to the ones just discussed. 



9/2- 



3 - 



3/2 



-3/2 



s 














k+a/,' \- y,' 














/-' 10-k k \~ /-' 


- 




k+4 


// \ 4-k k+6 // %. 6-k 
8-k k \- /'\Q-k k+2K-, 




k+2/ 




4-k k+4 // "x^^ 6-k k+6 // ' 




/y'e- 


-k k 


/''-i-k kVtK. X^^'lO-k 


k 


A 

'4-k k \ 


-k k+2 


// 6-k k+4 // \ 8-k 
5-k k+2^. ^8-k k+4^. 








^ ^ 


% 


\ 

.4-k k /' 




5-k k+2/^'^\,8-k k+4/^'^'\ 


k 






Z^(5-k k+^^ 











Figure 2: Structure of the module generated by the highest weights fj^s- The sohd (resp. 
dotted) arrows denote the action of the raising (resp. lowering) operators, with coefficient 
proportional to the indicated function of k. 



In one also finds quaternionic discrete series representations for odd k; one 
might wonder why we did not encounter those above. The answer is that strictly 
speaking they are not representations of G = SU{2, 1) but rather of its double cover. 
Correspondingly, they do not appear as subrepresentations of the principal series we 
considered here, but of a closely related "non-spherical principal series" representation 
of the double cover. 



2.4.5 Matrix elements and Penrose transform 

Suppose p is a spherical unitary representation of G, with spherical vector fx- Then 
p can be realized in the space of functions on K\G, by mapping any state / to the 
matrix element 

^{cqk) = (/|p(eQ^)/x) (2.83) 

!f is a function on K\G because the left action of A; G K on cqk becomes a right action 
on Cq]^, hence a left action on fx, which is trivial because fx is spherical. Moreover, 
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Figure 3: K-type decomposition of the discrete series representations of SU{2, 1) in the 
{j,y = 2/3s) plane, for low values of /c = (p — 4)/2 = (g — 4)/2. The quaternionic discrete 
series corresponds to the "p + q discrete branch" in the terminology of The "p-discrete" 
branch for k = 3 corresponds to the minimal representation, see Section 2.5.2. The second 
"p-discrete branch" for k = A, starting at {j,s) = (1/2, ±3/2), corresponds to the deformed 
minimal representation at z/ = ±1. For k = 5 and higher odd values of k, there are no 
"p-discrete" or "q-discrete" branches, as the lowering operators Ji .a map into forbidden 

2 2 

regions, as illustrated by the open links. 



the (f so obtained obeys differential equations determined by p; in particular, it is an 
eigenfunction of the Laplacian on K\G with eigenvalue 2C2(p). 

Even if p is not spherical one may still apply this construction replacing fx by any 
X-finite vector, and thus embed p into a space of sections of a homogeneous vector 
bundle over K\G, induced from the representation of K in which fx transforms. The 
sections so obtained have particularly good properties if fx is in the lowest K-type 
{e.g. for holomorphic discrete series representations they turn out to be holomorphic 
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sections) . 

We now apply this construction to the quaternionic discrete series representations, 
beginning with the special case k = 2. Using the Iwasawa decomposition ( |2.22| ) and 
the Baker-Campbell-Hausdorff formula e^e^ = e^e^e^^'^^ when [A, B] is central, 



and 



p(e 



qk) 



(2.84) 
(2.85) 



Applying this p(eQ^) to the spherical vector fx = /o,o yields 



^{u, c, C, ^; «) = ^ + (e - 0' + (e - C) 



+e 



-21/ 



(a + a + eC-eC)^ + 7 (e-C)' + (e-C) 



(2.86) 



Since C2(p) = —1, taking the inner product ( p.83| ) between / and (|2.86|) yields an 
eigenfunction of the conformal Laplacian on K\G, 



[Aqk + 2] = 



(2.87) 



Thus the transformed spherical vector ( |2.86| ) is the kernel for an integral operator 
which intertwines between the quaternionic discrete series and a subspace of the space of 
functions on K\G. In physics parlance, it is related to the boundary to bulk propagator 
for (|2.871) , upon taking the coordinates ^, ^, a to be real — in that case they lie on a 
part of the boundary of Z, which may be identified with a boundary of K\G. (See ||5^ 
for an attempt to set up a bulk-boundary correspondence on this space.) 

Since K\G is a quaternionic-Kahler manifold there is an a priori different way 
to construct a function on K\G from /(^,^, a) G H^{Z,0{—2)), which is to apply 
the quaternionic Penrose transform [Kl, IS^. Some details of this correspondence for 



quaternionic-Kahler spaces obtained by the c-map construction were worked out in ^6 
where a simple contour integral formula for the Penrose transform was established: 



Penrose[/] = (p{U, C, c"") = 2 e 



2U 



z 



^{z),^{z),a{z) 



(2. 



The resulting is annihilated by the conformal Laplacian Aqk + 2. This agrees 
with (g^) in the case of K\G, and in this context it can be checked directly by acting 
with Aqk on the integrand of (|2.88| ) and using ( p. 711) : 



+ 2 -a 



—d, + -zd, + 2ie^^zd^ 
2 2 



'V az),l{z),a{z) 



(2.89) 
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Integration over z eliminates the total derivative, leading to ( p.87|) . 

We now argue that these two constructions are in fact identical, i.e. 



kfWQK)fK) = Penrose[/]. (2.90) 
According to our discussion of the inner product above, this is equivalent to 



d-Co d^o dao / \E' = Penrose [/] , 



(2.91) 



where \E' = p{eQK)fK] then using (|2.75|) and the explicit form of Kz-, ( p.91| ) is equivalent 
to requiring that \E' arises as the Penrose transform of 



$(e,l,«) 



(«-«o+loe-leo)' + T (e-eo)' + (e-6 



(2.92) 



But this we can evaluate directly: the contour integral ( |2.88| ) defining Penrose [$] has 
poles at z = z±, where 



(C-6)-^(C-fo) 



2t{cx - ao + eoC - C^o) + (C - eo)2 + (C - ^o)2 - 26^^ 
and z_ = —1/z^. The residue at z = z± yields 

* = |e^^ + (c-eo)^ + (c-eo)^ 



(2.93) 



+e 



-2U 



212 



{a-ao + eoC - ceo)' + 4 [(C - ^o)' + (C - ^o)'] 



(2.94) 



which indeed agrees with the formula ( p.86|) for p(eg^)/i^ as desired. 

Similar considerations apply for other even values of k. In that case the Penrose 
transform gives a section of Sym^~'^[H)\ for c-map spaces, in a natural trivialization 
of H , the formula is given in p6[ as 



^^(f/,C,C,cr) = 2e'=^ (^^^i-/ i{z),i{z),a{z) 



(2.95) 



where m = —k + 2, . . . , k — 2 labels the 2k — 3 components of ip. This turns out to 
agree with the matrix element construction, where we now use the (2fc — 3)-dimensional 
lowest i^-type of the quaternionic discrete series. Establishing a similar correspondence 
for k odd would require a better understanding of the branch cuts appearing in the 
contour integral (|2.88| ). 
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2.4.6 Causal structure and quartic light-cone 

A general fact about twistor spaces of four- dimensional conformally self-dual manifolds 
is that two points x, x' are lightlike separated if and only if their corresponding twistor 
lines L^' intersect in Z. (Since K\G has Euclidean signature, we must of course 
allow X and x' to belong to its complexification if this condition is to be satisfied.) 

Using the twistor map ( |2.58| ), the condition for (U, (, (, a) and (f/', C, o"') to be 
light-like separated is therefore that there exist z and z' such that 



c- 



c + 



1 

7=2' 



{z - z-') = C + 



' e'^'iz' + z'-' 



V2 
1 

7! 



e { z — z 



(2.96) 



V2 



a' + 



u' 



z'iC + ^C) + z-\-C + ^C 



Eliminating z and z' from the first two equations, we find 

-u 



I e 



2v^(AC + 2AC) 
2v^(AC + ^AC) 



2(e 



2U ^2U'\ 



+ AC' + AC' + 2v/A4 



where we denoted 



AC = C' - C, AC = C' - C , Aa = a' - a + C'C - CC' 



and 



A4 = ^(AC' + AC')' + (e'^ + e'^')(AC' + AC') + (e'^ - e'^')' 
Reinserting in the third equation in ( |2.96|) , we find 

A ^ (Aa)' + i (ac' + AC') ' + (e'^ + e'^') (ac' + AC') + (e'^ - e'^') 

For f/, U' —00, we recognize the familiar quartic norm A^4 from ( p. 57] ), now evaluated 
at real values of its arguments. If only U' is sent to —00, we recover the "transformed 
spherical vector" (|2.86|) . Expanding to quadratic order in the variations (|2.98|) , we find 



(2.97a) 
(2.97b) 

(2.98) 
(2.99) 

(2.100) 



A ~ 2e 



4(7 



2 dU^ + e-'^ (dC' + dcf) + ^e-^^ [da + C^C - CdC ' 



(2.101) 



which indeed vanishes for infinitesimal light-like displacements under the metric ( p.28| ). 
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Since we are discussing issues of causal structure and group theory, we make a 
side comment here. The groups SU (2, n) are the only quaternionic groups that admit 
positive energy unitary representations. The U{1) generator in the maximal compact 
subgroup f/(l) X SU{n) is the generator whose spectrum is bounded from below for 
such representations and hence can be taken as the Hamiltonian for a causal time 
evolution. The other quaternionic groups do not have any generators whose spectrum 
is bounded from below for any unitary representation. Hence for these groups the 
Hamiltonian with a bounded spectrum that describes causal evolution can not be one 
of the generators. 



2.5 Minimal representation 



For any real Lie group G there is a notion of "minimal unitary representation" intro- 
duced in and much studied thereafter (see e.g. for a recent review.) For many 
G the minimal representation can be characterized as the unitary representation of 
smallest Gelfand-Kirillov dimension. For G = SU{2, 1) the situation is somewhat de- 
generate and there are many representations sharing this minimal dimension, including 
the holomorphic and antiholomorphic discrete series We focus here on the represen- 
tation constructed explicitly in by truncation of the minimal unitary realization of 
i?8(8) and whose structure parallels that of the minimal representation of higher rank 
groups. With a slight change of notation and normalization relative to this reference, 
the generators can be written as 





Fp 


2x 




- duudu) 


(2.102a) 


Eq xdu , 


F, 




- iuduu) 


(2.102b) 


"^r ' 


F 


2 " ^ 8x^ 






(2.102c) 


= xd^ + - , 


J-- 








(2.102d) 



acting on functions of two variables {u,x). Equivalently, by defining y = x^ and 



13 



In fact, this is true for the entire quaternionic family SU{n, 2). 
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xo = xu, we reach a presentation analogous to the one used in 139] for spht groups, 



14 



Ep 








= ydo , 




E 


i 


H 


F = 2tydl - 


4 


2y 



• 3 



xodl + 2iyd,dy + 7^ + 77^0 (2.103a) 



2 . u ■ - " ■ 2?/2 ■ 2 

1 Sr^ 
--,c^3 + 2.o5, + ^c^o+2. 



^-^3 , , 3xg^. , Xo ^2.i03b) 



co9o + 2y5, + ^, J=l(^9o^-^) (2.103c) 
z Z y 

V^^o - o + + ^^^odydo + - (2. 103d) 

Any minimal representation is annihilated by the Joseph ideal in the universal envelop- 
ing algebra of q. This means that the generators of the minimal representations satisfy 
certain quadratic identities, e.g. 

H'^ + 2{EF + EE) + J2 + 1 = (2.104a) 
E^ + E^ + AJE = (2.104b) 

C2{J) + ls^ + ] = 0. (2.104c) 
y 4 

These hold in addition to the Casimir identities 

C2 = -l, C3 = (2.105) 

corresponding to the parameters {p,q) = {—^,~^) in the classification of 0. 

The generators ( ^.102| ) or ( |2.103| ) are antihermitean with respect to the inner prod- 
uct 

(/1I/2) = J y~'^dydxo f^{y,xo)f2{y,xo) = j dxduf^{u,x)f2{u,x) , (2.106) 

so this representation is unitary. For later reference, we note that the (non-normalizable) 

states 

exp (^±^^ = ^ exp (2.107) 

are invariant under the nilpotent radical N generated by E, Ep,Eg, and carry charges 
(3/2, ±i/2) under the Cartan generators {H, J). 



*The split real form of SU{2, 1) is SL{3, 
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2.5.1 Induction from the maximal parabolic and deformation 

The minimal representation, in fact a one-parameter deformation thereof, can be ob- 
tained by induction from the maximal parabolic subgroup Q C Gc generated by 
{F, Fp, Fq, H, J, Ep + iEg}. For this purpose, decompose any element of Gc into a 
product 

/* 0\ /I z ia\ 
^=L** - 10 (2.108) 

* */ \ 1/ 

Then induction from the character exp[r(if + iJ_/3)] of Q gives the action of G on 
sections f{z,a) over Q\Gc by first order differential operators, 

Ep = dz + izda , Fp = —{ia + z'^)dz — azda + tz (2.109a) 
Eg = —idz — zda , Fq = —{a + iz'^)dz — iazda + irz (2.109b) 
E = da , F = -azd,-a^da + Ta (2.109c) 

H = -zd, - 2ada + t , J = ~izd, + i- (2.109d) 

3 

Set u = — (2r + 3)/3. Passing from f{z,a) to f{u,x) by the intertwining operator 

f{z,a) = y"dMc/a;a;^+^"e-5"'+»-^+3-'^'+5"-'/(„,a;) (2.110) 

the action of G on f{u,x) is given by a one-parameter deformation^^ of the minimal 
representation ( p.l02| ). 



Ej,''^ = Ep , Ej;"^ = Eq , = Ek (2.111a) 

H^^^ = H+^u, jM = J-lz/ (2.111b) 

F^'^) =Fp + u^{?,u + hdu) , ) = Fq + u^{hu + ?,du) , (2.111c) 
^ 2x Ix 

F^^^ =F + z/-\ [3dl + lOxd, + 3(1 - u^)] + - 1) (2.111d) 
with Casimirs 

C2 = lii^'-1), Cs = tuil~u'), (2.112) 

corresponding to 

{p,q)=(-lil-Su),-^il + 3u)\ (2.113) 



15 



The fact that the minimal representation is not isolated is a peculiarity of the A series. 
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in the notation of 0. The resulting representation is not obviously unitary for u ^ 0, 
as the inducing character exp[r(H^ + iJ/3)] is in general not unitary. We shall however 
find evidence in the next section that it is unitarizable at = ±1. 

The annihilator of the i/-deformed minimal representation is deformed to 



H"^ + 2{EF + FE) + J'^-2iiyJ+ (1 

n2 I 77i2 



E; + E^ + UE + 2iuE 

C2iJ) + l-S^ + 3tiyS + ]{l-iy^) 
9 4 








while the vectors invariant under the nilpotent radical are deformed to 



y' 



exp — 



1-4,^ I X, 

y 2 exp 



2y 



(2.114a) 
(2.114b) 

(2.114c) 
(2.115) 



carrying charges (|(H-z/),— |(H-z/)) and (|(1 — z/), |(1 — z/)) under {H, J), respectively. 
2.5.2 _ft"-type decomposition 

For completeness, we now review the i^'-type decomposition of the minimal represen- 
tation, i.e. the decomposition under the maximal compact subgroup SU{2) x U{1), as 
discussed in ||25| For this purpose, we change polarization to oscillator representation 
for both the u and x variable, i.e. define a„, a]^, N by 



^(.-9J 



,t 



V2 



[u + du) 



and similarly for x. The compact generator S is manifestly positive, 

S = l {2N, + 1 + x-^N^{N^ + 1) + 2iV„ + 1) 



(2.116) 



(2.117) 



so the representation is of lowest-weight type. The positive grade generators in the 
3-grading by S read 



L4 



V2 

auttx H (Nu + l)au 

X 



(2.118a) 
(2.118b) 



The only normalizable state annihilated by these two generators is a^J\Qu,x), or, in the 
real polarization, 



(2.119) 



fK = x exp 


-\{u^ + x^) 


= y^^"^ exp 

















^^We should note that the positive and negative grade generators we define in this paper are opposite 
to those of lEa- 
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It is easy to check that this generator is a singlet of SU{2)j^^j.j, but carries a non-zero 
charge —3i/2 under S. By acting with the raising operators K_ and L_, we generate 
the complete i^'-type decomposition of the minimal representation, 



m=0 



f (m+l) 



(2.120) 



where the term in bracket is the spin of the SU{2)j representation, and the subscript 
indicates the 5* charge. This agrees with the i^'-type decomposition of the "p-discrete" 
module ai p = q = —1/2, as seen on Figure |^, for k = 3. 

Let us now briefly discuss the //-deformed minimal representation. It is easy to 
check that 

1 



/l — U 
= X exp 



— iu'^ + x'^] 



(2.121) 



is a singlet of SU (2) j, with charge 



3ii 



2 (1-l-z/) under S, and annihilated by the deformed 
generators K^,L+. Acting with deformed generators K_,L_ produces a SU{2)j dou- 
blet with ^3 = -f (2 + z/), 



e ■ 2-u 

ji = —lux exp 



2s/2 



(3 + 3i/ - 2y2) exp 



(2.122) 

For V = —1, both of these states are annihilated by so generate a module 

corresponding to the semi-infinite line s = — 3/2j in the diagram on Figure |^ for k = 4. 
Thus, the i^'-type decomposition of the //-deformed minimal representation a.t u = —1 
has a ladder structure 





m=l 



12. 



(2.123) 



As usual, we can use the lowest i^'-type to embed the minimal representation into 
the space of sections of a vector bundle on K\G, in this case a line bundle with —3/2 
units of charge under 5*. For this purpose, as in ( p.83|) , we let the coset representative 
cqk act on the lowest i^-type, and construct the intertwiner 



^{U, C, C, ct; u, x) = e^^^^-+h) . g-^"- ■ ■ e-^("-«)"' ■ fsu{2) 



(2.124) 



a; exp 



^ - In^ - \{e'^ + ta)x^ - \x{2u + <)(( + ^C) 



The overlap 



= dxdu f*{u,x)'^{U,C,,C}'^'i'^}^) 



(2.125) 
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is then an eigenmode of the Laplacian twisted by S, 



A 



QK 



- i^' 
2 " 16 



. 



(2.126) 



2.5.3 As a submodule of the principal series representation 

In this section, we investigate to what extent the minimal representation (or its u- 
deformation) may be viewed as a submodule of the principal series representation. 

To that purpose, we first observe that the Casimirs ( |2.112| ) and ( |2.72[ ) agree for 
A; = 1, 3 (z/ = 0) or = 0, 4 (z/ = ±1). Second, the equation ( |2.114b|) in the annihilator 
of the deformed minimal representation, when expressed in terms of the generators of 
the quasi- conformal action, becomes 



Co = (9c + Cd.Y + {d, - C^.)' - 2iud^ = 



(2.127) 



The physicist will recognize Co as the Hamiltonian of a charged particle on the plane 
(C? 0? with a constant magnetic field proportional to id„. The spectrum of Co (for the 
usual norm on the plane) consists of the usual infinitely degenerate Landau levels. 
Defining 



one may rewrite ( p.l27|) as 



V = d^ + Cd, + t{d^-Cd,) 

V = d^ + Cd, - i{d^ - (d^) 

Co = VV - 2z(z/ + l)d^ = 



(2.128a) 
(2.128b) 



(2.129) 



The lowest Landau level corresponds to functions annihilated by V. This constraint 
commutes with the action of C for k = 0,1/ = —1: this is evidently so for the positive 
root generators Ep, Eg, E (the former two being the generators of magnetic translations 
on the plane), and it suffices to check invariance under the action of the lowest root 
generator F, 

[F, V] = + C') - 2za]V - k{C + <) , (2.130) 

which indeed vanishes on the subspace annihilated by V when k = 0. Solutions to 
V = are of the form 



/(C,C» = ^? 



C + i(,a 



(2.131) 



After Fourier transforming over a, one recovers the usual form / — gxiC + K) e ^^'■^ ■* 
of the lowest Landau level wave functions. 
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It is straightforward to check that the quasi- conformal action reduces on this invariant 
subspace to the action ( p.l09| ) induced from the maximal parabohc at v = —1. 

As far as the constraint Co = itself is concerned, one may check that it is invariant 
under the action of G at the values = 1, z/ = appropriate for the undeformed minimal 
representation, as well as at = 0, z/ = — 1 which we discussed above. Indeed, one may 
rewrite 



[F, Co] = -2c7Co + 2(1 - k) (C' + C')9^ - J + 2zz/(C9^ + Qd, + k) 



(2.132) 



which is proportional to Cq for = 1, z/ = 0. From the point of view of the magnetic 
problem, this corresponds to non-normalizable states with energy below that of the 
lowest Landau level. In order to find the eigenmodes explicitly, it is useful to Fourier 
transform over a, 

/(C.C..)^/*<;/fexp(-«V-.pc).(C.P./0 (2.133) 



and redefine 



9{C,P,K) = exp 



ip-2Kcy 

AK 



h{C,P,K) 



(2.134) 



where P = p + K(. The constraint Cq = becomes now an ordinary differential 
equation on h, 



[dl + 2{P - 2KC)d^ - 2K{v + 1)] /i(C, P,K) = {) 
For u = ~1, the solutions are 

P-2KC 



h{C,P,K) = hi{P, K) + /i2(P, K) R-^'"^ e~^erfi 



(2.135) 



(2.136) 



Only the (^-independent part hi(P, K) obeys also ( 2.114a ). Changing variables again 
by setting K = x^/2 = y/2 and P = —xu = — xq, it is easy to check that the quasi- 
conformal action on f{(, (,a) at k = gives precisely the deformed minimal represen- 
tation ( ^.111| ) acting on hi{P,K) at z/ = —1. We conclude that the deformed minimal 
representation at z^ = — 1 can be embedded inside the principal series representation at 
A; = by 



/(C,C,^) 



dpdK exp ( -iKa - ipC - ^^^^ ) h{p + KC, K) 



The formula ( |2.137| ) can also be viewed as the matrix element 

/(C,C,cr) = (/p|e-^-^^'+^'^^|/.) 



(2.137) 



(2.138) 
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where fp is the P-covariant vector in the deformed minimal representation (|2.115|) . 

For u = 1, similar arguments show that the deformed minimal representation can 
be embedded inside the principal series representation at k = via 

/(C,C,t^) = J dpdK exp (^-zKa - ipC + h{p + KC,K) . (2.139) 



For other values of u, the solution of ( p.l35|) involves Hermite and hypergeometric 
functions, 

k ^ MP, K) (-^) ^ K) (i±il. 1; (il^) (2,140) 

It is worth noting that the formula (|2.137| ) admits a simple generalization to all 
quaternionic groups, as we shall see for (72(2) in ( p.l4^ ) below. 

2.6 The minimal representation as a quantized quasi-conformal action 

We now explain how the minimal representation can be viewed as the quantization of 
the quasi-conformal action of G, or equivalently how the quaternionic discrete series 
arises as a semi-classical limit of the minimal representation. 

2.6.1 Lifting the quasi-conformal action to the hyperkahler cone 

As a first step, it is useful to "deprojectivize" the quasi-conformal action, i.e. lift it to 
an action on the hyperkahler cone S. For this purpose, we introduce an extra variable 
t and interpret the /c-dependent quasi-conformal action as an action of functions of 
four variables f(t,^,^,a) = e~''^ f{^,^,a). We then implement the change of variables 
found in |36[| , 

v' = e'\ t;° = ee'*, ^o = ^f, = ^^{a + ^0 (2-141) 

The coordinates w\ Wb, wq are complex coordinates on the Swann space S, such that 
the holomorphic symplectic form takes the Darboux form 

Q = dw\> A dv^ + dwo A dv° (2.142) 

The quasi-conformal action on 0{—k) over Z now corresponds to the holomorphic 
action of G on S, restricted to the subspace of homogeneous functions of degree —k 
under the rescaling 

w^-^/iV, wi^wi (2.143) 
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The holomorphic vector fields generating the action of G are given by 



18 



Ep = 2^"'o ' ^1 ^ '^0^"'^ ~ ' ^ ^ ~4^"'t (2.144) 



i f 16 (W - (v^)^ + 24^;0'wo2^;^' - 3^;°^) 



Being tri-holomorphic isometries, these vector fields in particular preserve the holomor- 
phic symplectic form Q,. They can be represented by holomorphic moment maps X, 
such that the contraction — dX: 

2 4 4 [y^Y 

Fp=\ + ^{wofv' + lUw,w^ , F, = -2v\wor + ^^^^ + 2^°^b 

(16 {w^ - Aw^'') (v^)^ - GAv^'w^woiv^f - 2A{v''wov^f + {v^) (2.145) 



16{v , 

Returning to the variables t, ^, ^, a, the holomorphic moment maps become, 
~p 2 2 4 2 



F = -e^* 
F = 4e2* 



ae + I') + 2<] , F, = '-e'' + i') - 2aC] , (2.146) 

Arranging these holomorphic moment maps into an element Q of g*, one may check 
that = in our matrix representation, i.e. that Q is valued in the minimal co- 
adjoint orbit. In particular, the holomorphic moment maps satisfy classical versions of 



^^Note that only real combinations E + E are actual isometries of the hyperkahler metric. 
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the identities ( ^lOiD 



+ 4EF + J = 
El + El + AJE = 



C2U) + ls' 

C2 = Cs 
Ai 

J 1 3 J 1 3 S J JL- 

~ 2 ' 2 ~ 2 ' 2 3 ~~ 










The holomorphic moment maps of the compact generators are given by 



J, = (1 - - si' +a' + \{e + ir 



Ja 



^2'^2 



^2 '+2 



,2i 



8^2 



16 



(r +r) +4a(a±2z) -4 



o2t 



8^2 



It is interesting to note that the i^-type ( 2.79 ) may be rewritten in terms 
moment maps, up to an overall numerical factor, as 



- 2 ' 2 
S 



J 1. _3 

' 2 ' 2 

s 



(2.147a) 
(2.147b) 

(2.147c) 

(2.147d) 

(2.147e) 



(2.148a) 

(2.148b) 

(2.148c) 

(2.148d) 
(2.148e) 

of these 
(2.149) 



The covariance of (|2.149|) under K is then easy to see, using the identities (|2.147|) 
obeyed by the holomorphic moment maps, and the fact that G acts by Poisson brackets, 
Xf = {X,f}. 

Moreover, the vanishing locus of the holomorphic moment maps associated to the 
compact generators S, J3, J± consists of two branches 



i = ±ii , a = ±i 
or equivalently, in terms of the variables on the hyperkahler cone. 



,0N2 



Wo = ± 



2v^ 



(2.150) 



(2.151) 
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These relations define two lagrangian cones C±, with generating functions S±: they 
may be rewritten as 

Wi, = d,bS±, wo = d,oS^, S^{v',v'^)=±^(^v^+^-^^ (2.152) 

By construction, C± are invariant under the holomorphic action of K, since the Poisson 
brackets with the constraints vanish on the constraint locus. As we shall see momen- 
tarily, S- describes the semi-classical limit of the lowest K-tjpe ( |2.119| ) of the minimal 
representation. 

2.6.2 The classical limit of the minimal representation 

We now return to the presentation (p^.l03D of the minimal representation acting on 



functions of y,xo. The form ( p.ll9| ) of the spherical vector suggests that a semi- 
classical limit exists as y, xq are scaled simultaneously to infinity, if one restricts to 
wave functions of the form 

f{y,Xo) = exp[S{y,Xo)] , S{y, Xq) = y S{xo) + 0{1) (2.153) 

where Xq = x^/y is kept fixed in the limit y ^ oo. Indeed, it is easy to check that, to 
leading order in this limit, the action of the infinitesimal generators on / produces 

X-f = yX(^S,d(^S,x') f + Oiy), (2.154) 

for some (so far unspecified) function X. Changing variables to 

Po = d^gS{y,xo) = da^S , py = dyS{y,xo) = S - xods;,^S , (2.155) 

identifies the function X{y,xo,Py,po) as the leading differential symbol of the differen- 
tial operator X in the semi-classical limit ( |2.153| ). Further setting 

= -2y , v° = 2xo , = ^Py , Wq = ~po , (2.156) 



identifies X as the holomorphic moment map ( p.l45| ) associated to the tri-holomorphic 



action of G on its hyperkahler cone S. Thus, we conclude that the minimal repre- 
sentation can be viewed as the quantization of the holomorphic symplectic manifold 
S. Furthermore, the semi-classical limit of the spherical vector ( |2.119| ) is given by the 
generating function of the Lagrangian cone iS_ defined in ( p.l52| ). 



One could also have given a real version of this construction, lifting the action of G 
on P\G to a real symplectic manifold by adding a single real coordinate. In that case 
we would say that the minimal representation arises by quantizing the real symplectic 
structure. Indeed, the real manifold so obtained is at least locally isomorphic to the 
minimal coadjoint orbit of G, so this makes contact with one of the standard ways of 
thinking about the minimal representation. 
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3. G 



2(2) 



In this section, we describe the geometry of the quaternionic-Kahler space SO{4)\G2{2), 
and various associated unitary representations of G = G2(2)- We will be somewhat 
briefer in this section since many of the constructions are parallel to ones we described 
for G = SU{2, 1) above. 

3.1 Some group theory 

It is convenient to represent the Lie algebra g of G = (^2(2) by the 7-dimensional matrix 
representation described in |Q (after some relabelings and change of normalization) 



Ho 

Y_ 







Y 



2 7? 2 771 

3^91 TS—P' 



V3— 91 







-Ho 



V2F 



-X -F 

V 3—91 








2 p 




73—91 












H + \Y^ 


-E 








■90 



^' 3—91 







^Y 

v^— - 



ii. 2—0 



Ly 

V2^+ 

-E 



-F -\Y^-Hj 



(3.1) 

where, as in (|2.2|) , are real coordinates dual to the generators, to be represented 
by anti-hermitian operators in a given unitary representation. These matrices preserve 
the signature (4"*',3~) metric 



rjijdxidxj = —2dxidx3 + dxl + 2dxidxj — 2dx^dx, 



(3.2) 



and the three-form 



dXi23 - dX247 + dX256 + V2dXiQ7 + V2dxu5 



(3.3) 



thus providing an embedding of G2{2) inside 5*0(3,4). In addition to the universal 
commutation relations 



[E,F] = H, [H,E] = 2E, 



[Epi.Epj'] = 0, 
[H, Epi] = Epi 
[F, Epr] = -F, 



[Epi, Egj] = —26{E 



9/5 



[Fpi, Fpj] = 
[H,Fpi] 
[E,E,,]- 



-Fpi, 



[Fqj,Egj 
[H, Eg,] : 

Eg,] - 



[H,F] = -2F, 

[Fpj,Fg,]=26^jF 
0, 



■ Eg J, 



[Fqj, Fg j] 

[H,Fg,]- 

[E,Fpj] 



0, (3.4) 



9/' 



E, 



111 
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Figure 4: Root diagram of G2(2) with respect to the spht Cartan torus iJ, Yq (left) and the 
compact Cartan torus Lq,Rq (right). The compact (resp. non-compact) roots are indicated 
by a white (resp. black) dot. The long roots generate SL{3, M) (left) and SU{2, 1) (right) 
subgroups, respectively. 



There is also a degree 6 Casimir, corresponding to the trace of the sixth power of the 



matrix ( |3.1| ), which we shall not attempt to write. 

This basis is adapted to the maximal subgroup SL{2, M)short x SL{2, M)iong, where 
the first factor is generated by {if, F} while the second is generated by Fq, ^+}- 
The Cartan generators H, Yq are non-compact, with spectrum 



Spec(yo) = {0, ±1/2, ±1, ±3/2} , Spec(if) = {0, ±1, ±2} 



(3.11) 



The non-compact generator H gives rise to the "real non-compact 5-grading" 



(3.12) 



Define a parabolic subgroup P = LN with Levi L = M x SL{2, M) generated by 
{H,Yq,Y+,Y^} and unipotent radical generated by {Fg^, Fg-^^, FpO, Fpi, F}, corre- 
sponding to the spaces with zero and negative grade in the decomposition ( |3.12|) . We 



call P the Heisenberg parabolic subgroup. In section |3.7| , we will also be interested in 
the parabolic subgroup P3 = L^N^ associated to the 7-grading induced by Yq, with Levi 
L3 = M X SL{2, R) = {Yq, E, F, H] and unipotent radical A^g = [Eg^, Eg^,FpO, Fpi,Y_}, 
nilpotent of degree 3. 

Now we introduce a different basis adapted to the maximal compact subgroup 
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SU{2) X SU{2). We first go to a compact basis for tlie 5L(2,M) x 5L(2,M) group: 



1 



2V2 



{E + F± iH) 



sucli tliat 



R,^—{Y^ + Y_) 



[L+,L_] = -iLo 
[R+, = -iRo 



(3.13a) 
(3.13b) 



(3.14a) 
(3.14b) 



Moreover, we define tlie eigenmodes 

-{Epo - iEg,) - iVS{Epi - iEg,) + {Fpo - iFg,) + iV3{Fpi - iF^j] 
V3{EpO + iEg^) + i(Epi + iEg^) + V3(FpO + iF^J + i{Fpi + iF^j] 
\/3(FpO - iEg^) - i{Epi - lEgJ - V3{FpO - + i(F^i - iFg^ 



K ^ 

Ai 3 = 

2'2 4 

Ai 1 = 

2'2 4 
2 ' 2 4 



Kl _3 
2 ' 2 



V2 



-{Epo + «FgJ + iV3{Epi + «F<^J - (Fpo - iFg^) + iV3(Fpi + iFg^] 



(3.15) 



where the eigenvalues under of {—iLg, —iRo) are indicated in subscript. Note that the 
hermiticity conditions are now 



R± — -R^ , 



K. 



lo,-ro 



(3.16) 



In this basis, the quadratic Casimir becomes 

C2 = ~{Rl - R-R+ - R+R-) - {Ll - L_L+ - L+L_) (3.17) 

-- 3K_1 _3 + K_l _3Kl 3] +- (k_1 sKl _3 + Kl _3K_1 3) 

g \ 2'2 2' 2 2' 2 2'2/ g \ 2'2 2' 2 2' 2 2'2/ 

-- (Ki_iK_i 1 + K_i iKi A + - (Ki iK_i _i + K_i _iKii) 

g V 2' 2 2'2 2'2 2' 2/ g V 2'2 2' 2 2' 2 2'2/ 

This shows in particular that the roots and Kj_i^-^i are compact, as indicated 
on the diagram. 

The compact Cartan generator Lq gives rise to the "non-compact holomorphic 
5-grading" 



L_\_2i e {K_i .i K_i .3}\_i e {Lo, Ro, R±}\o e ±1 , i^i ±3}|, e L+i^i (3.18) 
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Now, we perform a 7r/3 rotation of the root diagram, and define 
1 



^3 
^3 



-{Lq + Rq 



-(3Lo — Rq) 



hF-E) + ^ 



1 



2V2 



(Y^ + Y^] 



(3.19a) 
(3.19b) 



as the new Cartan algebra. The new eigenmodes are now 
1 



J_ 



-K 



J4 



-Ki 3 

2 2'2 



S. 



2 "2'2 

2^-R. 



-Ki 



(3.20) 



Ji _3 = K_i 3 , Ji 3 = 2y/2L^ Ji _i = 2\l —R+ , Ji i = Ki 

2'2 2'2 2'2 2'2 V3 2'2 2'2 

together with their hermitian conjugates. They satisfy the SU{2) x SU{2) algebra 

[J3, J±] = ±iJ± , [J+, J-] = 2tJ3 (3.21a) 
[53, 5±] = ±z5± , 5_] = 2^53 (3.21b) 

The subscript on J now denotes the eigenvalues under {—iJs, —iSs). In terms of the 
non-compact basis, the compact generators are as usual differences between positive 
and negative roots, 

(3.22a) 
(3.22b) 

(3.22c) 

(3.22d) 
(3.22e) 
(3.22f) 

The matrix representation adapted to this compact basis is obtained from ( p.l| ) by a 
Cayley rotation 





EpO = 


1 (^^ + S^ + J^ 


+ J-) 


Fpi — 


Epi = 


2V3^^+ 


3J+ + 3J_) 


F — 


Fqo = 


1 (5+ - 5_ + J+ 


-J-) 




Fqi = 


2V3^ ^+ 

^3+^3 


+ 3 J+ + 3 J_ 


F 


-E = 




Y+^ 


-Y_ = 


^(3.3-^3) 





Cr]C' 



/O 








1\ 











1 











-10 








-1 








-1 








1 











VI 








0/ 



/ 

2 V2 



7! " 



1 J_ 

2 ^2 

\ 





i_ 
2 



1 

V2 





1 1 _1 i \ 
22 2 2 > 



i_ 1 1 _ 1 

2 2 2 I 





_i 1 1 
222 



22 2 



2 




-1/ 

(3.23) 
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The generators in the compact basis then have the matrix representation 



V3 



-2i 



-2J 



H(i^3 ~ ^3) 

-2J_i 3 

2 ' 2 

2\/|i;_i 1 

y/ 2'2 



2iJ] 



s/3 





75- 

-2 J 1 _ : 
2 ' : 

-iV2S_ 


2J 1 



2i 
-2 



-2Ji 
2jl 



3 2 ' 

-iA/25_, 




1^25. 



%/3 



v 



-2J 



-2 
-2i 



3^- 



^/3 


21/25, 



-2J_ 
2iJ 







l/3 
3^, 



-2Ji 



2i 



V3 



-2^1 _3 
2 ' 2 

-5 



2iJi 



l/3 



(3.24) 



The advantage of this description is that the Harish-Chandra decomposition with re- 
spect to J3 is simply a generahzed LU decomposition in 2+3+2 blocks. 
The quadratic Casimir in the compact basis becomes 

C2 = -^(^3' + ^S^S^ + ^S+S^) - (J| + ^ J_ J+ + ^ J+J_) (3.25) 

H — ( Jl iJ-l _2 + J-L -S.Jl l \ H ( J-l S.Jl-S.-\- Ji _3 J_i 3 

8 V 2'2 2' 2 2' 2 2'2/ g V 2'2 2' 2 2' 2 2'2 

+ — ( Jl ^iJ-l 1 + 1^1 + — ( Jl _1 + 

g \ 2' 2 2'2 2'2 2' 2/ g \ 2'2 2' 2 2' 2 2'2/ 

which makes it clear that the compact roots are J^, S±. 

The generator J3 now gives rise to the "compact 5-grading" 

J_|_2i e {r_, R^, [/_, L_}|_i © { J3, -S3, S+, S-}\o ® U+, L+}\i ® J+|2i (3.26) 



where we denoted T> = Ji _s, U+ = Ji i. 

2' 2 2'2 

We now consider the 5*1/(3, M) and SU (2,1) subalgebras of (^2(2) • The 5*17(3, M) 
subalgebra is generated by the long roots in the non-compact basis. Its quadratic 
Casimir reads 

C2[SL{3M = li/V^ro'+^(^p0^pO+^p0^pO+^.o^.o+^.o^.o)+^(^^+^^) (3-27) 

The SU{2, 1) subalgebra is generated by the long roots in the compact basis. Its 
quadratic Casimir reads 



C2[SU{2, 1)] = - -Si - (J| + J_ J+ + J+J_) 



+ 



8 V 2' 



S.J_i. _3 + J_l _3 Jl 3 
2 2' 2 2' 2 2'2 



^ H ( J-l _3 + Jl _3 J_l 3 

/ g \ 2'2 2' 2 2' 2 2'2 



(3.28) 



-49- 



3.2 Quaternionic symmetric space 



The long SU{2)j^^j^ endows K\G = {SU{2) x SU{2))\G2(2) with a quaternionic-Kahler 
geometry. In order to describe its geometry, we perform the Iwasawa decomposition 
g = k ■ cqk (shghtly adapted from |]57| ) 



where k is an element of the maximal compact subgroup. This decomposition defines 
coordinates (ri, r2, C°, C"*^; Co, Ci, a) on K\G, where r = ri + iT2 is an element of the 
upper half-plane. 

The invariant g-valued one-form = dcqx ■ Cqk be expanded on the compact 
basis, leading to the quaternionic viel-bein 



2 ' 2 2 ' 2 ' 

iJ_i 1 Ji 1 
2 ' 2 2 ' 2 

2 ' 2 2 ' 2 

^ 2 ' 2 2 ' 2 ' 



and the SU (2) x SU (2) spin connection 





1-^ 




u 


\ 








) 








w 


/ 



( u v\ 

-e^ El 
El 

—V u 



(3.30) 



El \ 



El 



where 



-u 



u 



2V2 



3/2 



v = dU+ -e-2^(rfa - C°rfCo - C'c^Ci + Coc?C° + Ci^^C') 



2^ 



El 



2^6 



3/2 



3rfCo + dCi{f + 2r) + 3r(2f + T)dC} - 3fT^dC 



(3.31) 

(3.32a) 

(3.32b) 
(3.32c) 
(3.32d) 



This form of the vielbein agrees with that of the c-map space with prepotential F 
— [X^)^/X^ [0, as expected. The metric is then 



ds"^ = 2 [uu + V V + + El Ei) 



(3.33) 
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The right action of G on K\G is given by the vector fields 

Eqo = ~'^C" ~ Coda 



E = da 



H 

Yo 



V3(% - Cda) 
-du - 2ada - (%o - Cd^. - Co9^-, - Ci% 



(3.34a) 
(3.34b) 

(3.34c) 

(3.34d) 

(3.34e) 

(3.34f) 
(3.34g) 



The other negative roots are too bulky to be displayed. 

3.3 Twistor space 

The twistor space 

Z = {SU{2)s^,s, X f/(l)^3)\G2(2) 
can be parameterized by the coset representative 



ez = e-'^+ (1 + zz)-''^' e-'J- cqk 



(3.35) 



(3.36) 



As in Section |2.3.1| , we can construct complex coordinates on Z using the Borel em- 
bedding: 



CezC 



-1 



/I \ 

1 

* * 1 

* * 1 

* * 1 



* * * 

* * * 

* * * 



/l * * * * *\ 
1 * * * * * 
1 * * 
1 * * 
1 * * 
1 

\ 1/ 



(3.37) 



The entries of the upper triangular matrix then provide a complex coordinate system 
such that the "compact Heisenberg algebra" ^i_±i/±3, J+ acts in a simple way, essen- 



tially by shifts. The Kahler potential in these coordinates (analogous to the bounded 
domain coordinates of S'L(2, M)/[/(l)) appears to be complicated; we do not consider 
them further here. 
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To get a simpler form for the Kahler potential we construct complex coordinates 
adapted to the "real" Heisenberg algebra, by performing a decomposition analogous 
to ( p.37| ) but using directly rather than Ce^C"^, and then substituting 



z —z 



at the end, as we did at the end of Section |2.3.4| . The resulting complex coordinates 
(■6°) ^0) ^1) ct) are related to the coordinates on the base and the stereographic coor- 
dinate on the fiber by 



6 = Ci 



a = (T + 



{t Z ^ T Z 



(3.38) 



if" Z + T^ z~^) 



I e 



^ r/ 

!/2 [V ^ 



Sr^C' - rCi - Co ) ^ + ( r'C - 3r\^ _ rCi - Co ) ^ 



3a0 



v-1 



These coordinates are an example of the "canonical" coordinates of quasi-conformal 



geometries defined by Jordan algebras [|^, |3T|. Such coordinates in fact exist for all 
c-map spaces and ( |3.38| ) agrees with the "twistor map" derived in that context in 
|P6|| . To compare the two, recall that the Kahler potential on the special Kahler base 
(the upper half-plane in this case) is = 8r|. 

The Kahler potential on Z is 



Kz = ^logiV4 = ^log 



hie - f , - ii) + {a-a+ el - eif 



(3.39) 



where 



/4(e,o = ier^o + ^e)% + 2e^oe^i - liem - ^e^e (3.40) 



is the quartic invariant of SL{2, M) in its spin-3/2 representation, and is the quartic 
distance function of quasi-conformal geometry, which defines the "quartic light-cone". 

In parallel to the discussion of Section p.3.5| , one can also define the homogeneous 
line bundles 0{k) over Z, and the total space of C(— 2) gives the Swann space S. 



3.4 Quasi-conformal representations 

We construct a principal series representation of G by induction from the parabolic P, 
with the character Xk = e~^— of P. The infinitesimal action of G in this representation 



- 52 - 



is determined as in Section p.4.1| , this time using the decomposition of G as 
g = p-e 















i 


u 


U U 
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v2Co 





1 


















1 











V2Co 1 







2CoC^ - IC! 











1 












-fCi 




1 


^ + c% + K'Ci 


\ 














1 / 



(3.41) 



(3.42) 



where p & P. The generators act by 
ffQC ^ 



T^QC 
90 



vQC 


pQC 



-d^o + Cod. , = (-9^1 + C,dS 

s ci Co 
3C°aco+C'%-3Co%-Ci% 



2(C^)^ + + + ^C°) d,. - ( ^ucr - (%e + ^C°C7 - ] de 



2 

-( 

9 



+ (-6Co(C')' + ^CiC' - C°CoCi + ^Ci) % + (^Ci - CoC'Ci - C°Co + <o) 

-[h{C,0 + a^]d.-ka (3.43) 



where /4(C,C) is the quartic polynomial defined in ( |3.4(J| ). The quadratic Casimir eval- 
uates to 

1 



C2 = --A;(6 - A;) 



(3.44) 



This representation is unitary for /c G 3 + iW, with respect to the inner product 

(/1I/2) = / rfC^rfCArfor/*(C^CA,cT)/2(C^CA,a) . (3.45) 



Complexifying, we can also consider the holomorphic right action of G on sections 
of the line bundle 0{—k) on the twistor space Z = Pc\Gc. The infinitesimal action is 
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the complexification of the one above, 



-[/4(e,|) + a']5, -to (3.46) 

Naively this construction would require G Z, but in what follows, we will sometimes 
consider this action not only when k is integral but even when k G |Z. Presumably 
this should be understood in terms of a triple cover of Z. 

This representation is formally unitary under the inner product 

(/1I/2) = J d^^^dUdad^dUdcye^'-'^^- fKlla) /2(e,e,«) (3.47) 

As discussed in Section p.4.2| for G = SU{2, 1), we expect this formally unitary action 
on sections of 0{—k) to yield a genuine unitary action on H^{Z,0{—k)) at least for 
/c > 3; for > 5 it should give the quaternionic discrete series of G'2(2)- Moreover, it 
should occur as a subquotient of the principal series for some k. We will discuss this 
further at the level of the i^-finite vectors below. 

3.4.1 Lift to hyperkahler cone 

Similar to the discussion of Section |2.6.1| for G = SU{2, 1), the action of G = ^2(2) 



on holomorphic sections of 0{—k) over Z is equivalent to an action on holomorphic 
functions of homogeneity degree —k on the Swann space S. Introducing the complex 
coordinates on S 

v' = e'\ w, = -Uc^ + e^o + e^i) (3.48) 
4z 
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it is straightforward to compute the holomorphic vector fields corresponding to the 
action of Gc on S and determine their holomorphic moment maps. Expressing the 
result in terms of the coordinates a on Z and t in the C* fiber, we find the 

holomorphic moment maps 



E 



Jit 



6^2 



Fpo 



— ^0 , Epi = -e ^1 , 



2t tl 



6a/3 

i 

18 



'91 



6^3 



F = 



^2t 



,2t 



eo(e°6-6(eT)-^ei(3a + e'a) 



^?o? H g K ?o?i? ~2 



{em 



(3.50) 



In order to compute the moment maps in the compact basis, which will be relevant in 
the next section, it is convenient to change variables to (a, 6, a, 6) transforming homo- 
geneously under the compact generator Rq. 



li = ^(a + a + 3(fe + 6)) , 1^ =^-%{a - a - h + h) 

% — 



(3.51) 
(3.52) 
(3.53) 



The holomorphic moment maps for the generators in the compact basis then read 



Jg = __- [1728(1 + o?) - a^a^ - 4(a^6 + a%) - 129666 + 27b%'^ - 18aa{bb - 8)] 
27648 



I e 



2t 



9216 



[1728(1 + 



2\ 2-2 

a ) — a a 



4(a^6 + d^b) + 43266 + 276^6^ - 6aa(366 + 8)] 



1728v/2 



e^* [2a^ + 9aa6 + 276(8 + 8ia - 66)] , 



576v^ 



e^* [ad^ + 6a^b + 9a(8 + 8ia + 66)] , 
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2i 

Ji 3 = [1728(1 - a^) + 3456m + a^a^ + Aa^b + Aa% + ISaabb - 27b%^] , 

~2'2 6912 L V ; J , 

• 2t 

Ji 1 = ^ (a^a + 6a^6 + 9a(-8 - 8ia + 66)) , Ji_i= —^e^^ ia^ + 3a6) , 

• 2t 

Ji 3 = ^ ^ ^ (2a^ + 9aab - 276(8 - 8ia + 66)) . (3.54) 
5 864v^ ^ \ Jj 



Substituting (|3.50| ) in ( p.l|) , a tedious computation shows that the holomorphic moment 



map, seen as an element of gc? is nilpotent of degree 2. Thus, the Swann space S is 
isomorphic (at least locally) to the complexified minimal nilpotent orbit of 6*2(2)- In 
particular, we note the classical identities 

E^, + VSEpO - 2V2E 1:+ = (3.55a) 

E\ - VSEg,, Epi - 2V2E = (3.55b) 

3EpoE,„ + ^pi^g, - 4E Fo = (3.55c) 

9C2(L) - C2(5) = 9C2(J) - C2(5) = . (3.55d) 

3.4.2 Some finite fC-types 

We now discuss the finite if-types of the principal series representation. The full i^'-type 
decomposition can be obtained using Frobenius reciprocity^^; here we are interested in 
the explicit construction of some specific states. 

As in Section |2.4.4| , we can construct the spherical vector fx by noting that the 
Heisenberg parabolic subgroup P acting on the two-form 64 A eg gives a 1-dimensional 
representation, where Cj is the i-th row of the matrix in (|3.1|) , and K preserves the 
norm of each row; so we take 

fK=\\eA^e,\\-^'^ (3.56) 

where 

||e4 A Cell' =~h + ih + ah) - 2[1 + I2 + (a' - 14)]' (3.57) 



Here, J4 is the quartic polynomial ( |3.40|) , invariant under S'L(2,M), while 12,14,14, It 



6 



are homogeneous polynomials of respective degree 2, 4, 4, 6 in , invariant under the 



^^The Frobenius reciprocity theorem implies that the number of occurrences of a iiT-type a in the 
principal series we consider is equal to the number of singlets in the decomposition of a under K D M, 
where M is the centralizer in K of A, appearing in the Langlands decomposition P = MAN; see e.g. 
149|. 
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maximal compact subgroup S0{2) C SL{2,M.). In terms of the variables (|3.51 



1 - ~1 - - i 

/2 = —{aa + 366) , h = (6a^ + a^b) , ^4 = ^ (a^6 - a^b) (3.58a) 



/4 



1728 
1 



5832 



[4(6a^ + ba^) + o?o^ - Tl\?\? + \Mabb\ 
[2a^a^ + 54a^a^66 + 9(aa + 3bb){ba^ + M 



(3.58b) 

(3.58c) 



Using ( |3.54| ), one easily recognizes that the spherical vector is related to the quadratic 
Casimirs of SU{2)j and SU{2)s simply by 



e-''fK= [C2U)\ 



-k/A 



[C2{S)/9\ 



-k/A 



(3.59) 



which makes the K invariance manifest. 

Other i^-types may be obtained by acting on Jk with the non-compact generators 
J_i_i_i_3. For example, a set of J+-highest weights are obtained by acting with sym- 
metrized products of the raising operators Ji is , Ji , i , which transform in the spin-3/2 

2' 2 2' 2 

representation of SU{2)s (antisymmetric combinations of these operators lead instead 
to J+-descendants); these generate the spectrum 



e 



n 



2J J 



(3.60) 



To see this spectrum appearing more explicitly, note that a class of (J+, 5*+) -highest 
weight states can be obtained by acting on fx with 



Ml 
M2 

M3 
M4 



Ji 3 

2 ' 2 



Ji 1 -|- i\f?>J}_ _ 1 Ji 



2 ' 2 2 ' 2 



Jl 3 Jl -\- i Jl 3 Jl 1 Ji _ 1 H ;= Ji 1 

2'2 2' 2 2'2 2'2 2' 2 3^/3 2'2 



2 ' 2 2 ' 2 



1 

3 2'2 



t/l 3 t/l 3 H JllJl 1 -\- 2i Jl 3 Jl 1 Jl _1 Jl _3 



2'2 2'2 2' 2 2' 2 



4i 



3^3 



J 1 3 Jl 1 



;=t/i 1 t/i _3 

3^3 2'2 2' 2 



(3.61a) 
(3.61b) 

(3.61c) 
(3.61d) 



which satisfy 



[Mi, Mj] = , M^M4 + -M^ = 



(3.62) 
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when acting^^ on states annihilated by J+. A generating function for the {S, J) spec- 
trum obtained by acting with the Mj on fx is 

^ {l-qz^/^){l-q^z){l-q^z^/^){l-q'') 

where the denominator corresponds to the action of Mj while the numerator reflects 
the constraint (|3.62| ). This generating function indeed agrees with (|3.60| ).^^ 
As an example, the action of Mj on fx may be easily computed, 

(S^Ji 3 T^Jl iSa-\ 

M2 fK = H3k - 2) (^T^) fK (3.64b) 
Ms fK = k{9e - 4) (^^^ j (3-64c) 
M4 /i, = A;2(9A;2 - 4) (^y) /i^ (3.64d) 

where equalities hold up to unimportant numerical factors. 

Acting with the Mi on fx is not sufficient to construct all of the (J+, 5"+) highest 
weight vectors. To see this explicitly, it is enough to note that there are other operators 
built from J, 1 3, J, 1 1 which commute with S+ and J+, for example 



P2 = Jl A </_ 1 1 — "i J-i a Ji 1 (3.65) 

2>2 2'2 2'22'2 

which acts on fx by 

P2 fK = k{k - 2) {-$^^ fK (3.66) 



C2U) 

Nevertheless, we focus on ( J+, S'+)-highest weight states generated by the action of Mj 
only, of the form 

fvuv.v.,v. = (^3^1,1 - ^Jhk^-^y % Sl^ [C,(J)]-^-^-^(-+^^-^^^) (3.67) 



20For example, the second equation of ( |3.62| ) follows from AU + - M| = 3 J+ 



8J? 3 Ji _3 J+ - ^J? 3 Ji 1 Ji _i J+ - 3 J? 1 J+. 

^'2 2' 2 2'2 2' 2 ^ 2-2 

^^A simple check is obtained by manipulating ( |3.63| ) to get X)ns(2'S' + l);?^"^ = 1/(1 — g)^, the 
partition function of four free bosons. 
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where pi are integers related to the SU{2)j x SU{2)s spin by 



J = 2(^1+^2 + 2^3) 



-(3pi + 3p2 + 4^4) 



(3.68) 



The set of such states is pictured in Figure |. 

Now we recall some results of p6[. First, the i^-type decomposition of H^{Z, 0{—k)) 
for > 3 is given by 



e 

n=0 



'k-2 + n 




'3" 


.) 


2 




2 





(3.69) 



For k > 5 this gives a quaternionic discrete representation of G, which we expect to 
find as a submodule of the principal series. Indeed, when — 2 is a multiple of 4, these 
i^-types do appear in Figure ^: they are the ones reached by acting with the M, on Jk 
and in particular using M4 at least j{k — 2) times. 

The paper also describes a pattern of other representations which would be ex- 
pected to appear as submodules of the principal series for general quaternionic groups. 
While that analysis does not directly apply to G = 6*2(2) we describe its naive extrap- 
olation here, and explain how the expected K-tjpe decompositions can be naturally 
obtained by acting with the operators Mj on an appropriate lowest i^-type. 

The representations in question are supposed to correspond to the orbits of SL{2, C) 
acting on the complexified spin-| representation (C^). Their i^-type decompositions 
would be of the form 



e 

n=0 



k - 2 + n 



(3.70) 



where A{X) = Yl'^=o An{X) is the algebra of functions on an orbit X of the action of 
SL{2,C) on C"^, considered as a representation of SU{2)s- There are three examples: 



(i) A representation vr'^ at = 1, corresponding to the orbit X defined by I4 = 0. The 
K-type decomposition is obtained by removing the contribution of the operator 
M4 from ( p.63|) , and acting on a highest weight vector with (J, 5*) = (0 
of fx- this gives 



, |) instead 



Tr^j z q 



S2J 



1 

z^- 



.1 -Qz 



3/2) (1 



z) 



1 



q3 2;3/2) 



(3.71) 



This decomposition is multiplicity-free. n[ has Gelfand-Kirillov dimension 4, and 
X-types contained in a wedge — see the black dots on Figure ^ (shifted by 
AS* = |). It appears on the list of unitary representations of 6*2(2) in [@]- 
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(ii) A representation t^'^ij^ oXk = 2/?), corresponding to the locus where I4, = dl^ = 0.^^ 
Its i^-type decomposition can be obtained by acting on a highest weight vector 
with (J, S) = (0, 2) with the operators M2 and Mi, but imposing the requirement 
that M| = 0. It is represented in Figure | by the two leftmost "Regge trajectories" 
of slope 3 (shifted by AS = 2). 

(iii) A representation vr^^g at /c = 4/3, corresponding to the locus where I4 = (i/4 = 

= 0. This is the minimal or "ladder" representation of 6*2(2); with i^-type 
decomposition 

00 

The highest weight states can be obtained by acting on the highest weight of a 
i^-type with J = 0, 5* = 1 by the operator Mi only; it is represented in Figure |^ 
by the leading "Regge trajectory" of slope 3 (shifted by AS* = 1). 

A direct approach to the construction of the submodules vr^ inside the principal 
series will be discussed in Section pIBj 



3m + 2 



(3.72) 



■^^The correspondence between orbits and representations in this case is somewhat degenerate, be- 
cause actually this orbit is the same as the minimal orbit we discuss next (unlike what happens for 
other G, where the orbit defined by (i/4 = is difi^erent from that defined by (PI4 — 0). 



Figure 5: The states ( [3.67 ) obtained by acting with the Mj on /x- Multiphcities are 



indicated by the number of concentric circles. The radius of the circle indicates the number 
of powers of M4 that need to be applied to in order to reach the state. This figure 
also represents the set of highest weight vectors one could obtain by acting with the Mj on 
some other ground state; in this case the labels J and 5 are shifted by the quantum numbers 
of the ground state, and in some cases one gets only a subset of the states pictured. In 
particular, the modules vr'^ , 7r2^2 , vr^yg discussed in the text correspond to the wedge spanned 
by the black dots, to the first and second "Regge trajectories" of slope 3, and to the first 
"Regge trajectory" respectively. 



- 61 - 



3.5 Minimal representation 



The minimal representation of 6^2(2) , of functional dimension 3, was first constructed 
in |]55|, and further analyzed in I^Gj. As we just recalled, it can be obtained as a 
submodule of a degenerate principal series representation |^6|]. According to the orbit 
philosophy, it arises by quantizing the minimal nilpotent orbit of (^2(2) , or equivalently 
by holomorphic quantization of the Swann space S. We start by recalling two different 
realizations of the minimal representation by differential operators, the first one acting 
on functions f{y, Xq, Xi) of real variables, the second on functions f{x, a, h) of complex 
variables. 

3.5.1 Real polarization 

In the real polarization used in [Q, 

^ = -y , ^0 = {xidi + 3x0^0 + 2) , H = 2ydy + xodo + x^di + 2 

2 / ix^\ 
Epo = -SVSydo , Fpo = y^ody - 

i 2 
EgO = -^y|a;o , Fgo = --^^ [-ydi + 27i (2 + a;o<9o + xidi + ydy) d^] 



Ax\di + 4xi 2i 



Epi = ydi , Fpi = 2xidy + — + -^a^o^i 

6a;? /4 1 \ 

Eqi = ixi , Fgi = — — do + 2i\- + -xidi + xodo + ydy j di 

Y^ = ^{tydl + 9x,do) , r- = --^(-ia;o5i-4^ (3.73) 

2 2 2i 

F = -—xodf - —xldo - — {3xldl + 6xidi + 2) -2t{2 + ydy + xodo + xi^i) dy 
A( y \jy 

It is easy to check that the principal symbols associated to these generators agree with 
the holomorphic moment maps ( |3.50| ), upon identifying 

v' = -2y , iP = 2xo , v'^ = 2xi , w\, = ~Py , Wq = ^po , Wi = ^pi (3.74) 
The minimal representation in the real polarization is unitary under the inner product 

(/1I/2) = dydxodxifl{y,xo,xi)f2{y,xo,xi) (3.75) 
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Alternatively, one may redefine go = — xo/V27y, qi = xi/y/y,x = ^/y ||5^, leading to 
the polarization used by p2 



E = 
EpO = xdo 



--dl - -d. + 

2 ^ 2x 



18x2 



Epi 



Fpo = ^ (2iV3ql - 9qo{qodo + qidi)^ + q^d^ 
xdi , Epi = ^ (^4gi + qfdi + 2i\/3qodl - Sgogi^o) + qA 
EgO = ixqo , Fqo = l^ + Hlodl + qidodi + 39o)) + idod, 

' ^ ^ (^*^^ ~ ^^^^^ 2A/3g^9o + Sigo^o^i) + ^^i^x 



ixqi 
i 

7! 



--(3go9o + gi9i + 2) , = + 2 



(3.76) 



where 



/4(gA, 5a) = 4V3go5? + 4V3g?9o - Sigi^S^ + ISigogi^o^i + Qigo^^o^ + Szgi^i + 27igo9o - 8z 

(3.77) 

In accord with irreducibility, the quadratic Casimir evaluates to a constant 



9 



(3.78) 



which coincides with that of the quaternionic discrete representation for k = 4/3 or 
k = —14/3. In addition, the minimal representation is annihilated by the Joseph ideal, 
e.g. 



4Yl + 3V3{EpiFg, - EpoF,,) = 
Ei + VSEpO Eg^ - 2V2E Y+ = 



E. 



g^ V3Eg,Epi~2V2EY_ = 
3EpoEg, + EpiEq, -AEYo = 



(3.79a) 
(3.79b) 
(3.79c) 
(3.79d) 



These last three identities can be shown to imply the holomorphic anomaly equations 
satisfied by the topological amplitude in the one-modulus model with prepotential 
F = —{X^)^/X^ ||T^. Other identities will be discussed in Section |3.5.3| below. 
For later reference, we note that the vector 



fp{y,x^,x^' 



(x°)-2/3g^p 



1\3 



yx^ 



(3.80) 
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transforms as a one- dimensional representation of the Heisenberg parabolic P (more 
specifically, it is annihilated by Yj^,Yq,Y_, F^i, Fg^, F and carries charge 4/3 under H). 
In particular, it is invariant under the Weyl reflection S with respect to the root E and 
therefore under Fourier transform over x'^,x^. The power (P'^^'^/a jg consistent with 



the semi-classical analysis in 59 



3.5.2 Complex polarization 



It is also useful to consider a different realization of the minimal representation |^ 
on functions f{x, a\ h"^) such that 



,1 t 3,. 1 
i?o = M ~ 2 ~ 2 



1 

—h{a,b) , L± 



4^2 



(3.81) 



Here 



/^(a, b) = - {a% + a^tfot) _ ^iv.iV, - ^iVf + ^-Nl - 3iV„, - ^ (3.82) 



where a,b,a\b'^ are bosonic oscillators with 



[a, a"^] = 1 , [6, 6"^] = 1 , Na = a) a, Nb = b^b 



(3.83) 



so that a = , & = c^bt ; we shall refer to this presentation as the "upside-up" complex 
polarization. Alternatively, we could consider functions f{x,a\b) and represent b^ = 
—dh'- this will be termed as the "upside-down" complex polarization, and will turn out 
to be the most convenient one to compute the lowest i^'-type. Irrespective of the choice 
of polarization for the oscillator algebra, the generators in the non-compact basis read 



E = — x^ 
2 



_1 ( dl - -\h 
9x^ 



Epo 



E. 



IX 

2^2 L 

ix 



91 



2^2 



V3(at + a) _ (5t + 5) 
+ a) + V3{b^ + b) 



Epi 



E. 



90 



(3.84) 



X 



(a - at) + V3{b - 6t) 



2V2 

^ ^V3{a^ -a)- (6+ - b) 



2V2 
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while the compact generators are given by 



J4 



dr. - X 



X 



d^ + x + ^ 



5_ 



dr. 



X 



(9^ + a; + 



6t 

X 

\Na + iVb + I 
X 



2 gt^ 
3^3 X _ 
2 



3^3 a;_ 
2 at26t 



2 a^fo 
73 X 



(3.85a) 
(3.85b) 
(3.85c) 
(3.85d) 



This presentation of the minimal representation is related to (|3.73| ) by a Bogoliubov 
transformation which is the quantum version of the canonical transformation ( |3.51|) . It 
can be decomposed into (i) a Fourier transform with respect to xq 



fiy,xo,xi 
(ii) a change of variables 

X^/3 



Po 



[w 



-ipoxo/y 



f{y,Po,xi] 



Xi 



y = x 



(3.86) 



(3.87) 



and finally (iii) a standard Bogolioubov transform 

fix,v,w) = y exp ^[w^ + (b^f-v^-a^] + V2i 



fix,a,b^) (3.88) 



implementing the change from real to oscillator polarization a+a^ = b+b^ = 

One may check that this sequence of unitary transformations in fact implements the 

Cayley transform ( p.23| ). 

3.5.3 i^"-type decomposition 

Let us now discuss the K-tjpe decomposition ( |3.72| ) of the minimal representation in 
more detail. We note that the correlation between the two spins is a straightforward 
consequence of the identity in the Joseph ideal^^ 



9C2(J) - C2iS) + 2 = 0. 



(3.89) 



The fact that the lowest K-tjpe is a SU (2) j singlet and SU (2)5 triplet^'' is less obvious, 
and will be further discussed below. 



^■^A similar identity holds in the non-compact basis, 9C2{L) — C2{R) + 2 = 0. 

^"^This is an exception among quaternionic Lie groups; the lowest K-type of the minimal represen- 
tation is usually a singlet of the Levi factor of P, while carrying a non-zero SU(2)j spin p^. 
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We also note that the i^'-type decomposition (|3.72|) is consistent with the known 
decomposition of the minimal representation under S'L(3,]R) and SU{2, 1) 0: indeed, 
the minimal representation is an irreducible representation in the non-spherical prin- 
cipal series of SL{3,M.). The i^-type decomposition of this representation, worked out 
in |] (Eq. 7.8), 

[1] + [2] + [3]2 + [4]2 + [5f + [6f + [7f + [8]^ + . . . (3.90) 

is consistent with the diagonal embedding of the maximal compact of SL{3, M) inside 
SU{2)j X SU{2)s. Under SU{2, 1), the minimal representation decomposes as a sum 
of three irreducible principal series representations of SU{2, 1) with infinitesimal char- 
acters (0, |, — |), (|, 0, — |), (|, — |, 0). These three representations correspond to the 
three supplementary series at p = q = —2/3 in the terminology of ||^, and transform 
with different characters of the center Z3 of SU{2,1). The i^-type decomposition of 
these representations is given on Figure ^ and is also in agreement with ( |3.72| ). We 
also compute the Casimirs, 

C2[SL{3,R)] = -I , C3[5L(3,M)] = (3.91a) 
9 

C2[SU{2,1)] = -1, Cs[SU (2, l)] = , p = q = -2/3 (3.91b) 



Let us now further analyze ( |3.89| ) , by rewriting them in terms of the generators of 



G acting in the minimal representation. Using 

C2{J) = -Jl - \ {J+J- + J-J+) = -MJs ±t)- J^J± (3.92a) 
C2{S) = -Si - ^ (5+S_ + S-S+) = -^3(^3 ± «) - S^S± (3.92b) 

we see that a normalizable eigenmode / of J3, 6*3 satisfying the highest weight condition 
J+ / = 5+ / = necessarily has ( J3, 5*3) G |N. From (|3.89| ), we have 

9J3(^3 + ^3(5*3 + i)+2 = A{2Ro + i){Ro + i) = (3.93) 

where 

Ro = ^{3Js-Ss) , Ro = ^{3Js + Ss) (3.94) 

Thus it is either an eigenmode of Rq = —i/2, or of Rq = —i. The second option is 
inconsistent with the highest weight condition, so i?o = ~i/2. With similar arguments 
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k=8/3, p=q=-2/3 



-0 . 5 




3 . 5- 



Figure 6: i^-type decomposition of the three supplementary series representations of 
SU{2, 1) aXp = q = -2/3, in the (j, y = 2/3s) plane. 



we conclude that 



(3.95a) 



J3 = ^m, 5*3 = -(3m + 2), i?o = -- 
J3 = , S, = -^(3m + 2) , ^0 = (3.95b) 



J+ / = 5+ / = = 
J+ / = 5_ / = = 
J_f = S+f = = 
J_f = S_f = = 

In the following, we analyze the consequences of these equations in various polarizations. 



= --m 



(3.95c) 



J3 = -'-m , S3 = -^(3m + 2) , Ro = (3.95d) 



3.5.4 Lowest K-type in the complex polarization 

It turns out that the form of the lowest i^"-type is simplest in the complex polarization. 
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where the generator Rq takes a simple form 

Ro = i 



(3.96) 



2 2 

The following linear combinations of ( p. 851 ) lead to x-independent equations: 

(3.97a) 
(3.97b) 



aV3J+ + bS+ = --(a^^ + V3ab)(Ro + -) 
X 2 



T__ = VSaU- + b^S- = -^x(a2 + V3a^b^){Ro - ^) 



y3J„ - 



(3.97c) 



where the first two lines are consistent with ( p.95aD . 

Now we restrict to a highest weight 5*+/ = 0, which is a singlet of SU{2)j, i.e. 
J+ / = J_ /. It turns out that it is convenient to work in the "downside-up polariza- 
tion" where b = dh^,a^ = —da- The constraint Rq = —i/2 requires 



f{x,a,b^) = {b^r'/' h{x,z) , z 



1 

sV^b^ 



(3.98) 



The constraint T++ is automatically obeyed, however leads to a second order 
ordinary differential equation in z only, 



zdl-2iz-^)d. + iz + x'-^) 



fi{x,z) = 



The solution is 

h{x,z)=x'/^ z'/' \Ky,{2txV^) ^(a;) + /1/3 (2zxv/^) M 



(3.99) 



(3.100) 



In the following, we assume that normalizability forces f2{x) = 0. It is one of the 
drawbacks of the complex polarization that normalizability is difficult to check - at 
any rate, it is straightforward to generalize the computation below to include both 
solutions. Requiring the action of S+ on ( p. 9^ ) to vanish, we find 

[6xd^ - Uzd'^^ + 2{6z - 4:)d, + {1 - 6x^)] f^{x,z) = (3.101) 

Combining this with (|3.99|) , we can produce a first order partial differential equation 

7' 



xdx — 2zdz + \2z + y 



6 



fi{x,z) = 



whose solution is 



f,{x,z)=x'/' e-^'"+^ Ux\) 



(3.102) 
(3.103) 
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This uniquely determines 

f2{x) 



3.-7/6 g-xV2 



(3.104) 



It is now easy to check that the resulting function is annihilated by 5+, J+, J_, J3, and 
is an eigenmode of 5*3 = i. The remaining two states in the triplet may be obtained by 
acting with S-. Altogether, we find that the lowest i^-type is 



/o,i = (axV6t)i/2 e--V2 ^^^3 (2^xv/i) 

/o,o = 2 3-1/^ x'/' a (6t)-i e^-V2 k,/, {2zxV^) 

v3 



(3.105a) 
(3.105b) 

(3.105c) 



The highest weights in the higher i^-types can be obtained by acting with the raising 
operators ^1/2,3/2- For example, 

3 3 ^ ' 3 



where the argument of the Bessel function is as in fo i. We note that semi-classically, 
all i^-types behave as 



exp 



x^ 1 2 , 



(3.107) 



As explained in ( p.6.2|) , and further at the end of the next subsection, the argument of 
the exponential (or "classical action") provides the generating function for a complex 
Lagrangian cone inside the hyperkahler cone S. 

3.5.5 Lowest f^-type in the real polarization 

According to the above, the lowest K-type should be a triplet of SU{2)s, singlet under 
SU{2)j. Thus we impose the conditions 



^4 







(3.108) 



Note in particular that the generator FpO — EpO of rotations in the {y, Xq) plane, which 
was as the start of the KPW solution for the spherical vector in the split case, no 
longer annihilates the state, so we need a different strategy. Our approach is to find a 
linear combination of the operators J+, J3, J_, 5+ which involves first order differential 
operators only. The one of interest is 



S,-3J3 + 3iJl^{J^ 
V 2x0 



2J_ - S, 



(3.109) 
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which allows to rewrite 5*3 as a first order differential operator in three variables, 



5*3 = aydy + aodo + aidi + (3 



where 



27i 



ay = y [i - 9— ] , = -9xi - —y , «i = y 

Xi{—6y + xf + ixoXi) 



Xq -12x1 + 92/^ 



2x0 



P 



The standard way to solve this equation is to integrate the flow 

dy dxo dxi df 

T = -i- = ai, -r = [p-S3)f 

ds ds ds ds 



(3.110) 

(3.111) 
(3.112) 

(3.113) 



Using inspiration from the split case ||3^, it is easy flnd one constant of motion along 
the flow, 

z= +27^o+fi^ (3.114) 
y + 273^0 

To flnd the second constant of motion, and integrate the flow completely, we go to 
polar coordinates in the (y, a;o) plane. 



y 



rcos6, xo = 3V3rsin6 



(3.115) 



We now change variables to 

f{y, xo, xi) = r"^/^ h{z, r, 6) exp ( -2i 



XqxI 



y{2xl + 27y^ 



(3.116) 



The action of 6*3 on h{z, r, 6) is still a flrst order differential operator, but now involving 
only two variables r, 6: 



5*3 = —i cot 9 dfj 



3r 
sin 6 



\ 2/3 



1 1/2 



^V2 



) 



1 



dr 



(3.117) 



Again, the way to solve this equation is to integrate the flow 

1 1/2 



d9 
ds 



tan^ 



dr 
ds 



3r 



sin 9 



\ 2/3 
rV2j 



dh 
hds 



S3 



(3.118) 
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The ratio of the first two equations gives d6/dr, and produces a second constant of 
motion (in addition to z), 



I e 



ie\2 



rV2 j 



\ 2/3 



(3.119) 



The third equation then constrain the 9 dependence to 

h{z,r,e) = [cos^]"^"^ hi{z,t) (3.120) 

where S3 is the eigenvalue under S^, which we independently know to be S3 = i for the 
lowest i^-type. 

We now express the action of the other generators J±, 5"+, Rq on our ansatz 



f{y, xo,xi] 



cos«.-/3.,(.,.)exp(-2,-^^-p^L_) (3.121) 



For this purpose, we express r, 9, z, t in terms of y, xq, xi using ( p.ll4| ),( [3.115| ) and 



i + i-4 



2v^ 



Xq 



27 27 y' 



2x1 + 27y2 



1 + 



1 - 



3i\/2xi 



3t\/2xi 



(3.122) 



and act with the original differential operators. We then set x\ = 0, and revert to z,t 
variables using 

2Vi 



Xq 



27(r2 



y 



(3.123) 



2" ' ' 72 ' l + t 

The last two identities are only valid at xi = 0, but that is sufficient to get the full 
action on hi{z,r). We find, in particular. 



(3.124) 



9(t + 1)2^5/3 (^^ {^'^^ ~ + ^* + " ^'^^") - 3(t + 1 

J+ + J- = i8(t+\)^5/3 (^^^ + + ^* ~ 24Vt29,at - 3(t - 1 

A lengthy but straightforward analysis allows to determine the expansion of the solution 

at 2; — s> 00, 

2^/i 5 
,3(1 + v^)2 ~ 36. 



hi{z,t) 



+ 



35v^ 



1 + 
385 



-1 



54(1 + Viy ^ 2592 J ^ ^ ^878(1 + v^)^ ^ 279936 J 



5005v^ 



-85085 \ 



z-' + 



(3.125) 
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This suggests the Ansatz 

hi{z,t) = z^l^ 



h2{z) + ^^±^h{z) 



(3.126) 



Indeed, we find that all constraints reduce to two ordinary differential equations for /12 
and hs, 



(1 + 3z)h2 + Qz{h'2 + 4/^3 + 2/13) = 
(4 + 15z)h2 + (54^ - 2)/i3 + 12z{2h'^ + 9h'^) = 



which decouple into 



;i + 18z + 9z^)h2 - 36z(/i2 + zh2) = 
{9z^ - 5)/i3 - 36z^hl = 



(3.127a) 
(3.127b) 



(3.128a) 
(3.128b) 



Each of them has two independent solutions, but we keep only the one decaying at 
2; — s> 00 in order to ensure normalizability, leading to 



h{z,t) = ^-^±^z^/'Ky,iz/2) + ^-^z^'^U.^.,{z) 



(3.129) 



which correctly reproduces the subleading terms in ( p.l25| ). In total, the final answer 
for the lowest i^'-type in the real polarization is 



/o,i(?/,Xo,Xi) =(cos6')r 



X exp I —2i 



Vi 

XqxI 



(3.130) 



y (2x2 + 271/2) 

In the semi-classical limit, where y,XQ,Xi are scaled uniformly to 00, it reduces to 



(3.131) 



where S is the "classical action" 

(# + 2# + r) 



3/2 



S 



y(2x2 + 27y2 



(3.132) 



The same reasoning as in Section |2.6.2| implies that S is the generating function of 
a holomorphic Lagrangian cone inside the hyperkahler cone S, invariant under the 
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maximal compact K. The precise identification of tlie variables y, xq, xi in the minimal 
representation and the complex coordinates on S was given in (|3.74|) . One may indeed 



check that the holomorphic moment maps of the compact generators vanish identically 
on the locus wj = d^iS. 

After rescaling xq — > Xo^/27j2,xi Xi/y/2, we find that S can be cast in the 
same form as in Eq. 4.72 of 



5=^11^11-^—4=-^ (3.133) 

where X is an S'p(2n+4) extension of the usual 5*^(2^+2) symplectic section appearing 
in the special geometry description of the c-map, 

X={y,xo,xuy,x',x') , \\Xf = y^ + xl + xl + f + ix'f + {x'y (3.134) 



y = dyJ^, x' = d^.T, T= ^ }—= (3.135) 

3v3a/?/^ + Xq 

It would be interesting to see whether such a Sp{2n + 4) invariant description also 
exists for non-symmetric c-map spaces, or even for general hyperkahler manifolds, and 
to investigate whether the lowest i^'-type of the minimal polarization bears any relation 
to the topological string amplitude of the corresponding magical supergravity theory 



as discussed in [15 



3.6 Small submodules of the principal series 

In this section, we study the construction of "small" submodules of the principal series 
representation of 6*2(2) by imposing constraints directly, similarly to the discussion of 
the minimal representation for SU (2, 1) in Section |2.5.3| . 

3.6.1 The minimal submodule 

We start by considering the submodule of the principal series annihilated by the "holo- 
morphic anomaly" relations 

C+ = + VsEpO Eq^ - 2V2E r+ = (3.136a) 
(7_ = E^ - VSEg^^ Epi - 2V2E r_ = (3.136b) 



in the Joseph ideal (see (|3.79b|) ,( |3.79c|) ). In terms of the differential operator realization 



(|3.43|) , these conditions reduce to 

~3{Py + P^Qi = (3.137a) 
iQ^Y + 9QoP^ = (3.137b) 
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where 

P^ = %-C%, Qi = d^i+Cid., (3.138) 

are covariant derivatives commuting with Epi,Egj, analog of V, V in (|2.128|) . For 
k = 4/3, this subspace is invariant under the action of G; indeed, the commutators of 
the constraints with the lowest negative root F can be rewritten as 



-2{a - ^D_)Co - '^DoC^ 



(3.139a) 
(3.139b) 

(3.140) 
(3.141) 



where Dq, D± is the SL{2) triplet 

D+ = 3(C^)2 + c°Ci , /^o = 3C% + C'Ci , i^- = (Ci)' - 9C^Co 

At the level of differential symbols, the constraints ( p. 137] ) are solved by 

go = -{P'fKpy , Qi = 3(pi)V(n 

It is therefore natural to go to a polarization where and E act diagonally, 

/(C,C,^^) = j dvdKe^^{-iKa-ip'o) g{C',p',K) (3.142) 
In this polarization, the generators become 

E = iK , Yo = ^{Sp^dpo + 3C°9^o + p^dpi + C^d^i + 4) (3.143) 

Epo = ~i{p^ + KC) , Eg, = -9^0 - Kdpo 

Epi = -tV3{p^ + KC}) , Eq, = -(% + Kdpi)/V3 

F+ = -L^Gtp'C + p'^dp. + C°%) , Y_ = --L^gp'dpo + 2tdprd^. + , . . . 



while the constraints are 



1\2 



C7+ = i{p^ - KOid^i - Kdpi) - 3ip' - KC 
C. = -3t{p^ - KC^){d^o - Kdpo) + hd^i - Kdpif 

o 

An invariant set of solutions can be found by restricting to functions 

(Pi - 2KC f 



g{C',p',K) = iP'-2KC 



0\~2/3 



exp 



2K(P0 - 2KC^) 



h{P',K) 



(3.144a) 
(3.144b) 



(3.145) 
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where = + . The quasi-conformal action on f{C^,Ch'^) degree k = 4/3 
restricts to an action on h{P^ , K) given by 



E = — y 



Epo 



3^3 



Egg = sVSydo , Epi 



IX 



E, 



11 



-ydi 



H = 2ydy + x°9o + x'di + 2 , Yq = -(3x°9o + x^di + 2) 



1 



x^di + 3i 



[X 



1\2 



3V2 

where we have redefined 



Y^ = — [zydl + 9x%] ,. 



X 



3y3P° 



X 



-2K 



(3.146) 



(3.147) 



We recognize this as the minimal representation in the polarization ( ^.73| ), after ap- 
plying a Weyl refiection S with respect to the highest root E, which has the effect of 
exchanging Epi with Eg^- and Y^ with Y_. 

We conclude that the minimal representation can be embedded into the principal 
series at k = 4/3, via 

fiC, Ci, <J) = I dP' dK rp{p' - KC', K) h{p' + KC', K) e-^('^+f^C.)-^P^C. 

= (/p|e-"^-^'^'^+^'^^p^|/i) (3.148) 



where 

fp{K, P\P^) = (P°)-2/3exp 
is the P-covariant vector introduced in ( p.80| ). 



—I 



1\3 



2K{P0) 



(3.149) 



3.6.2 Intermediate representations 

Above we described two representations 7r[ and Hy.^ which we suggested (following the 



pattern of [Q) should be obtained as submodules of the principal series for = 1 and 
k = 2/3, respectively. Now we verify that one can indeed find invariant subspaces by 
imposing the appropriate constraints at these values of k. 
Keeping the same notation is in ( p.l38| ), we find that 

h = ^P'iQif - ^QoiP'f + {Q,f{Py - \{Qif{P'f + 2Q,P'Q,P' 

-6QoP'-'^QiP'-Ie^ (3.150) 
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commutes with all generators for = 1, in particular 



[F,h] = -4Eh (3.151) 

Imposing the constraint /4 = on the representation space of a principal series repre- 
sentation we expect to find the representation 7r[ with Gelfand-Kirillov dimension 4. 
Similarly, we find that the constraints^^ 





= dh/dQ, 




= dh/dQ 


dih 


= dh/dP 


doh 


= dh/dP 



"^9 

EP'^ (3.152a) 



9 3 



(3.152b) 



'^y-lQlP^ + 2QoP'>Q^ + AEQ^ (3.152c) 



±Ql + 2QlP'' + 2QoQ,P'~t 
commute with the generators for k = 2/3. In particular, 



(3.152d) 



[F, d°h] = {Do - 3a)(9°/4 - 2D+d^h (3.153a) 
[F, d'h] = i^Do - 3a)d'h - ^^+^1^4 - iD-d^'h (3.153b) 

3.7 3-step radical and 7-grading 

All the constructions in this paper so far hinged on the existence of Heisenberg parabolic 
P with unipotent radical of order 2, and the resulting 5-grading of 0. In section p.7.1| , 
we construct a representation of G which relies on the 7-grading by the Cartan generator 
Yo (the vertical axis in Figure ^, left), corresponding to a parabolic subgroup P3 with 
unipotent radical of degree 3. In Section |3.7.2| , we give a new polarization of the 
minimal representation appropriate to this parabolic subgroup. Physically, we expect 
these representations to become relevant in describing black holes in five dimensions. 



3.7.1 Induced representation from 3-step radical 

It is possible to construct a different representation using the 7-grading by the non- 
compact generator Yo: we decompose 

g = p,.n,=p,- ev^("^^,i+"^pi) . e^*^+ ■ e75(^^.«+'V) (3.154) 

While dl4 = implies J4 = classically (at the level of the moment maps), this is no longer true 
quantum mechanically; in fact Qid^ I4 + P^dil^ — 4/4 — 
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where p is an element of the parabohc subgroup P3 opposite to the 3-step nilpotent 
N-^. Acting on functions f{m,n,t,k,l) transforming with a character exp(jYo) of P, 
we find 

Fgg = V2dk , Epo = V2di , Y+ = -^dt , E = kdi + mdn , F = Idk + nd^ 

v2 



Fqi = -y/? [dm - ndt + (3t - mn)dk - n'^di] 
Epi = [dn + mdt + {3t + mn)di + rn^dk] 



1 3 

H = mdm - ndn + kdk - Wi , Yq = --{mdm + ndn) - tdt - -{kdk + Wi) + j 

Eq^ = [rn^drn + (2t + mn)dn + {2mt - k)dt + 2m^tdk + t(3t + 2mn)di - jm] 

Fpi = yi [{2t - mn)dm - n^dn + [l - 2nt)dt + t(3t - 2mn)dk - 2nhdi + jn] 

Y_ = [{k + tm)dm + + tn)dn + if + lm~ kn)dt 

+ [m{lm — kn) + ?)kt\dk + [n(/m — kn) + 3/t]9; — 2jt} 
Fpo = -V2 { [{k - tm)n + t^] + n{l - tn)dn + t{l - tn)dt 

+ [kl + t\t- mn)]dk + - nH'^)di ~ jil - nt)] 
Egi = -V2 {m{k - tm)dm + [{I - tn)m + t^] dn + t{k - tm)dt 

+ - mH'^)dk + [kl - t^{t + mn)]di + j{l - nt)] (3.155) 
The quadratic Casimir is 

C2 = \j{j + ^) (3.156) 

The spherical vector is easy to determine: in the fundamental representation, the first 
row of g transforms in a 1-dimensional representation of the parabolic P. Hence, 

fK= [l + m^ + + 2t^ + {k- mtf + {I - ntf + {f + kn - lm)y^^ (3.157) 

3.7.2 A 3-step polarization for the minimal representation 

We now present a third polarization for the minimal representation, obtained by diago- 
nalizing the generators YL , E^o , Fp^ , which correspond to the height 2 and 3 generators 
of the 3-step nilpotent. We shall denote by iQ, iL, iJ the corresponding eigenvalues. In 
the real polarization ( p.76[ ), the eigenmodes of these three commuting generators are 
given by 



fQ,j,L{Qo,qi,x) = exp 



SVSqo 3 go 2qo 



S{qoX-L) (3.158) 
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Thus, we set 
f{qo,qi,x) - 



dQ dJexp 



qf 



SV^qo ^ 3 ^go ^ 2ql 



giQ,J,L = qox) (3.159) 



The 3-step polarization is therefore related to the polarization ( |3.73| ) by multiplying 
by e^^'^^\ and Fourier transforming over qi/qo — > Q and l/gg ^ J/L. The resulting 
generators are 



E = Ldj 



iJ , E, 



go 



Epo 



Epi 



Yo 



2t{3dj + LdjdL + Jd] + Qdqdj) 



L 



-2 



Qdj 



E, 



2V2 
3 



iL 



qi 



Ldr 



{Qdl + ?>JdQdj + LdQdL + 79q) ^ 



1 



{2QdQ + ?,Jdj + ?,LdL + l) , H 



E, 



pi 



90 



9L ^ ' 



<?i 



LOl -Jdj + 1 
4 /2g2 /2 10 



2g 

3L 



' ' ^'^Q^dj + ^Q'dl + 2zQdQdL + ^QdQ + 2zJdjdL 



2V2 27L2 



lOz 
3l' 



+2z -J9j + L9^ + 49z. + — 
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4zy2g3 

27L2 



(3.160) 



It would be interesting to determine the lowest ii'-type in this polarization. This con- 
struction was generalized to all quaternionic-Kahler symmetric spaces in where it 
was argued that the generalized topological string amplitude in this polarization com- 
putes the degeneracies of five-dimensional black holes with electric charge Q, angular 
momentum J and NUT charge L. 
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